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Introdution
A simpliial omplex of dimension d is foldable if it admits a non-degenerate
simpliial map to the d-simplex. This is equivalent to the property that
its 1-skeleton is olorable in the graph-theoreti sense with the minimally
possible number of d+1 olors. We apply foldable triangulations to onstrut
simpliial omplexes with a spei odd subomplex, the subomplex dened
by all o-dimension 2-faes with a non-bipartite link (and their proper faes).
The odd subomplex ontrols the behavior of the unfoldings introdued by
Izmestiev & Joswig [36℄. The unfoldings mirror the topologial onept of
a branhed over with the odd subomplex as branhing set. Hene we are
interested in the topology of the odd subomplex, but ertain group theoreti
aspets do matter as well. In partiular the partial unfolding K̂ of a simpliial
omplex K proves to be the apt gadget for the onstrution of ombinatorial
manifolds.
If we onsider only simpliial omplexes whih meet ertain onnetiv-
ity onditions, then foldability and empty odd subomplex are equiva-
lent. We make use of this equivalene in the onstrution of a simpliial
omplex K with presribed odd subomplex by omposing K from foldable
building bloks. Finally we are able to onstrut triangulations of losed
oriented PL 4-manifolds via unfolding simpliial 4-spheres with presribed
odd subomplex. One may read this result as a ombinatorial analog of
the topologial onstrution of losed oriented PL 4-manifolds as branhed
overs by Piergallini [54℄. The onstrution of losed oriented ombinatorial
4-manifolds is the rst main result presented here; see Theorem 3.12.
Theorem. For every losed oriented PL 4-manifold M there is a ombi-
natorial manifold S homeomorphi to S4 suh that one of the onneted
omponents of the partial unfolding Ŝ of S is a ombinatorial 4-manifold
PL-homeomorphi to M . The anonial projetion Ŝ → S is a simple 4-fold
branhed over branhed over a PL surfae with a nite number of usp and
node singularities.
In a dierent ontext we onstrut foldable triangulations with ertain
additional properties of produts of lattie polytopes. A triangulation of
1
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a d-dimensional lattie polytope P is regular if it an be lifted to m + 1
dimensions as a lower onvex hull. The baryentri subdivision of any regular
triangulation is an example of a triangulation whih is both regular and
foldable. A lattie triangulation of P is dense if its verties are all the lattie
points inside P , and, for the sake of brevity, we refer to a regular, dense, and
foldable triangulation as an rdf-triangulation.
It is known that a triangulation of a polytope (or, more generally, of
any simply onneted manifold) is foldable if and only if its dual graph is
bipartite; see [37℄. From an rdf-triangulation K of a lattie polytope P So-
prunova & Sottile [62℄ onstrut sparse polynomial systems with non-trivial
lower bounds for the number of real roots. The polytope P is the ommon
Newton polytope of the polynomials in the system, and the weighted size
dierene of the bipartition of the dual graph of K is a lower bound for the
number of real roots. The size dierene is alled the signature of K, and the
polynomial systems onstruted by Soprunova & Sottile are alled Wronski
systems.
Given rdf-triangulations of lattie polytopes P and Q, we onstrut the
simpliial produt, an rdf-triangulation of the produt P×Q, and ompute its
signature. Here the natural ingredient is the stairase triangulation of a prod-
ut of two simplies, studied by Billera, Cushman & Sanders [6℄, Gel
′
fand,
Kapranov & Zelevinsky [24℄, and others. The simpliial produt already
ours in the work of Eilenberg & Steenrod [18, Setion II.8℄; see also San-
tos [58℄. The simpliial produt of rdf-triangulations of two lattie polytopes
yields our seond main result; see Theorem 4.17.
Theorem. Let P λ and Qµ be rdf-triangulations of an m-dimensional lattie
polytope P ⊂ Rm and an n-dimensional lattie polytope Q ⊂ Rn, respe-
tively. For spei vertex orderings of the fators (to be explained later) the
simpliial produt P λ ×stc Q
µ
is an rdf-triangulation of the polytope P ×Q
with signature
σ(P λ ×stc Q
µ) = σm,n σ(P
λ) σ(Qµ) ,
where σm,n is the signature of the stairase triangulation of the produt of
simplies ∆m ×∆n.
For the algebrai appliations it is essential that Theorem 4.17 an further
be improved. In Theorem 4.29 we show that (with a mild additional assump-
tion) the simpliial produt P λ ×stc Q
µ
meets the geometri requirements of
Soprunova & Sottile, provided that both fators do.
This exposition is organized as follows. Chapter 1 reviews the theory
of (branhed) overs and presents the unfoldings. In partiular we examine
how the onepts of branhing set and monodromy translate to the partial
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unfolding. This provides us with the key tool for the onstrution of losed
oriented ombinatorial 4-manifolds in Chapter 3.
We proeed by introduing the notion of olor equivalene of simpli-
ial omplexes, an equivalene with respet to the partial unfolding: Let K
and L be olor equivalent simpliial omplexes, then the anonial proje-
tions K̂ → K and L̂ → L are equivalent branhed overs. We then use
olor equivalene to reover (and slightly improve) a result by Izmestiev &
Joswig [36℄, stating that the partial unfolding of the anti-prismati subdivi-
sion of a simpliial omplex K is equivalent to the partial unfolding of K. In
the last setion of Chapter 1 we examine what kind of singularities in the odd
subomplex are allowed if we want to obtain a ombinatorial manifold as the
unfolding of a ombinatorial manifold. This improves a result by Fox [19℄ for
the unfoldings.
The onstrution of foldable simpliial omplexes is studied in Chapter 2.
Here the key question is the following: Given a (d + 1)-olorable ombi-
natorial (d− 1)-sphere, how to extend the triangulation and oloring to a
foldable ombinatorial d-ball? This question is answered in Theorem 2.3.
Additionally we are interested in preserving further properties like regularity
and prove an upper bound for the expeted size of the extended triangu-
lation. Theorem 2.3 is then generalized to extending partial triangulations
and olorings of CW-omplexes and relative handlebody deompositions of
dimension at most 4.
On the other hand Chapter 2 examines the odd subomplex, or rather,
we develop tehniques to onstrut some lasses of odd subomplexes. These
two tehniques, extending partial triangulations and onstruting odd sub-
omplexes, are put to use in the onstrution of ombinatorial 4-manifolds.
Chapter 3 is mostly devoted to the onstrution of losed oriented ombi-
natorial 4-manifolds. In Setion 3.1 we review the topologial onstrution of
a losed oriented PL-manifold M as a branhed over p : M → S4 branhed
over an embedded PL-surfae with a nite number of usp and node sin-
gularities. This onstrution is due to Piergallini [54℄ and earlier results by
Montesinos [47, 48℄, and provides the blue print of our onstrution of om-
binatorial 4-manifolds. We then onstrut a triangulation S of the 4-sphere
suh that the projetion Ŝ → S is a branhed over equivalent to p. In
partiular, Ŝ ∼= M holds. The onstrution of S involves a lot of tehnial
details, and it takes up the entire Setion 3.2.
We onlude Chapter 3 by applying the tehniques developed in the on-
strution of ombinatorial 4-manifolds to the onstrution of ombinatorial
3-manifolds. The question how to onstrut a ombinatorial 3-sphere S suh
that Ŝ ∼= M holds for a given losed oriented 3-manifold M is answered by
Izmestiev & Joswig [36℄. In Setion 3.3 we give an alternative onstrution
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of S, whih, starting with an arbitrary triangulation of S3, relies only on the
stellar subdivision of faes and the operation of twisting.
The nal Chapter 4 is motivated by an appliation in algebrai geometry,
the searh for lower bounds for the number of real roots of a sparse polyno-
mial system. Hene it somehow diers from the rather topologially avored
rst three hapters. The exat number of omplex solutions of a sparse sys-
tem of polynomials with generi oeients is known from Kushnirenko's
Theorem [40℄. To bound the number of real roots from below is signiantly
more diult. The 1-dimensional ase, that is, a system of one polynomial
in one variable, already illustrates the diulty to bound the number of real
roots ompared to nding the exat number of omplex roots. However, So-
prunova & Sottile [62℄ onstrut sparse polynomial systems with non-trivial
lower bounds from an rdf-triangulation of a lattie polytope P , where P and
its rdf-triangulation have to meet additional requirements imposed by the
algebrai geometry involved.
We disuss the stairase triangulation of two simplies and the simpliial
produt, an rdf-triangulation of the produt P ×Q of the lattie polytopes P
and Q obtained from rdf-triangulations of the fators. Further we prove that
the rdf-triangulation of P × Q meets the algebrai geometry requirements
provided both fators do, and ompute its signature, whih is a lower bound
for the number of real roots of the assoiated sparse polynomial systems.
In the last Setion 4.4 we apply our results to obtain triangulations of the
d-ube with large signature. For d 6≡ 2mod4 we give expliit triangulations of
the d-ube with signature at least ⌊d/2⌋! whih meet the algebrai geometry
requirements. The Wronski systems assoiated to these ube triangulations
are sparse polynomial systems in d unknowns, whih have at least ⌊d/2⌋! real
roots ompared to exatly d! omplex roots by Kushnirenko's Theorem.
The lower bound for the signature of the d-ube partially relies on ompu-
tational results obtained with TOPCOM [55℄, polymake [21, 22, 23℄, MAGMA [13℄,
and QEPCAD [30℄.
Chapter 4 is a joint work with Mihael Joswig to appear in Advanes in
Mathematis.
Chapter 1
Covering and Unfolding
Branhed overs form a major tool for the study, onstrution and lassia-
tion of d-manifolds. First results are by Alexander [2℄ in 1920, who observed
that any losed oriented PL d-manifoldM is a branhed over of the d-sphere.
Let T be a triangulation of M , and let b(T ) be the baryentri subdivision.
Then the dual graph Γ∗(b(T )) is bipartite, and we obtain a bipartition of the
faets of b(T ) into blak and white faets suh that no faets of the same
olor interset in a ridge. Now a branhed over p : M → Sd is dened by
mapping the blak faets to the d-simplex ∆d ⊂ R
d ⊂ Rd ∪ ∞ ∼= Sd, and
mapping the white faets to the topologial losure of the omplement of ∆d,
that is, the white faets are mapped to cl(Sd \∆d).
Unfortunately Alexander's proof does not allow for any (reasonable) on-
trol over the number of sheets of the branhed over, nor over the topology
of the branhing set: The branhing set of p is the o-dimension 2-skeleton
of ∆d, and the number of sheets of p depends on the size of the triangula-
tion T . Further, p is not a simple branhed over.
At least to our knowledge, there are no non-trivial upper bounds for the
number of sheets of suh a branhed over for d > 4. On the ontrary,
Bernstein & Edmonds [4℄ showed that at least d sheets are neessary in
general (for example the d-torus (S1)d exhibits suh a behavior), and that
the branhing set an not be required to be non-singular for d ≥ 8.
However, in dimension d ≤ 4, the situation is fairly well understood; see
also Chapter 3. The 2-dimensional ase is simple sine any losed oriented
surfae Fg of genus g is a 2-fold (simple) branhed over of S
2
branhed over
2g + 2 isolated points.
By results of Hilden [29℄ and Montesinos [45℄ any losed oriented 3-
manifold M arises as 3-fold simple branhed over of S3 branhed over a
link L. Labeling eah bridge b of a diagram of L with the orresponding
monodromy ation of a meridian around b, we an represent M as a labeled
(olored) link diagram.
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In dimension 4 the situation beomes inreasingly diult. First Pier-
gallini [54℄ proved that eah losed oriented PL 4-manifold is a 4-fold simple
branhed over of S
4
branhed over a transversally immersed surfae. Then
Iori & Piergallini [33℄ eliminated the singularities, but had to add a fth sheet
to the overing. The question whether eah losed oriented PL 4-manifold is
a 4-fold branhed over of S
4
branhed over a loally at PL surfae is still
open.
The main eort of this hapter is dediated to the topologial onept of
a branhed over and its ombinatorial analog, the unfoldings of a simpliial
omplex. In partiular, we dene ombinatorial models of the key features
of a branhed over, the branhing set and the monodromy homomorphism.
The idea is to onstrut a simpliial omplex K, suh that the anonial
projetion of the unfolding toK is equivalent to a given branhed over of |K|.
In partiular, the equivalene of the branhed overs implies homeomorphy
of the overing spaes. The latter is the key tool in the onstrution of
ombinatorial 4-manifolds in Chapter 3.
Finally we try to give some insight into what kind of singularities are
allowed in the branhing set for the overing spae to be a manifold, provided
the base spae is a manifold. Here we improve a result by Fox [19℄ for the
unfoldings.
Combinatorial Manifolds. We larify some basi denitions and nota-
tions. Given some topologial manifold M , we all a simpliial omplex K
homeomorphi to M a triangulation of M , or a simpliial manifold. A sim-
pliial omplex K is a ombinatorial d-sphere or ombinatorial d-ball if it
is pieewise linear homeomorphi to the boundary of the (d + 1)-simplex,
respetively to the d-simplex. Equivalently, K is a ombinatorial d-sphere
or d-ball if there is a ommon renement of K and the boundary of the
(d + 1)-simplex, respetively the d-simplex. A simpliial omplex K is a
ombinatorial manifold if the vertex link of eah vertex of K is a ombina-
torial sphere or a ombinatorial ball. Note that ombinatorial spheres and
balls are ombinatorial manifolds.
A manifoldM where all harts are pieewise linear is alled a PL-manifold.
Up to dimension 3 there is no dierene between topologial, PL-, and dif-
ferential manifolds, that is, every topologial manifold allows for a PL- or
dierential atlas (or struture). The existene of a triangulation of M as a
ombinatorial manifold is equivalent to the existene of a PL-atlas for M .
For an introdution to PL-topology see Björner [7, Part II℄, Hudson [31℄, and
Rourke & Sanderson [56℄.
7Similarly to the topologial situation, there is no dierene between the
notion of a simpliial and a ombinatorial manifold in dimension d ≤ 3, that
is, every simpliial manifold (or sphere, or ball) is a ombinatorial manifold
(or sphere, or ball). But in dimension 4 the situation beomes more ompli-
ated. Freedman & Quinn [20℄ onstrut a 4-manifold whih does not have
a triangulation as a ombinatorial manifold. In fat, there are 4-manifolds
whih an not be triangulated at all [42, p. 9℄. The following unanswered
question illustrates the subtleties of the 4-dimensional ase like no other: Is
a ombinatorial manifold homeomorphi to the 4-sphere neessarily a om-
binatorial 4-sphere? Surprisingly, the answer to this question is armative
in all dimensions d 6= 4; see Moise [43℄ and Kirby & Siebenmann [39℄.
Neither baryentri subdivision nor anti-prismati subdivision (of a fae)
hange the PL-type of a simpliial manifold, that is, the subdivision of a
simpliial omplex K is a ombinatorial manifold if and only if K is a om-
binatorial manifold. The one of a ombinatorial sphere is a ombinatorial
ball and the suspension of a ombinatorial sphere is again a ombinatorial
sphere.
Connetivity Properties of Simpliial Complexes. The simpliial om-
plexes onsidered in the following (and throughout this exposition) are al-
ways pure, that is, all the inlusion maximal faes, alled the faets, have the
same dimension. We all a o-dimension 1-fae of a pure simpliial omplex
a ridge, and the dual graph Γ∗(K) of a pure simpliial omplex K has the
faets as its node set, and two nodes are adjaent if the orresponding faets
share a ridge. Further it is often neessary to restrit ourselves to simpliial
omplexes with ertain onnetivity properties.
The onnetivity properties in question are as follows: A pure simpliial
omplex K is strongly onneted if its dual graph Γ∗(K) is onneted, and
loally strongly onneted if stK(f) is strongly onneted for eah fae f ∈ K.
If K is loally strongly onneted, then onneted and strongly onneted
oinide. Further we all K loally strongly simply onneted if for eah
fae f ∈ K with o-dimension ≥ 2 the link of f is simply onneted, and
nally, K is t-nie if it is strongly onneted, loally strongly onneted, and
loally strongly simply onneted. Here we dier slightly from [36℄, where a
nie simpliial omplex is not required to be strongly onneted. However,
strongly onneted is only a mild additional ondition, sine one may treat
the strongly onneted omponents individually. Further, to avoid onfusion
with the onept of a nie triangulation of a lattie polytope introdued in
Chapter 4, we resort to the name t-nie to stress the topologial avor of
its denition. Observe that onneted ombinatorial manifolds are always
t-nie.
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Basi Construtions. The star
stK(f) = {g ⊂ σ | f ⊂ σ ∈ K}
of a fae f of a simpliial omplex K is dened by all faets (and their proper
faes) ontaining f . The link
lkK(f) = {g \ f | g ∈ stK(f)}
of f is the set of all faes in stK(f) not interseting f . The star and the
link of f are simpliial omplexes, and we sometimes omit the omplex K in
the notation. Further we make use repeatedly of the following onstrutions.
The join K ∗ L of two simpliial omplexes K and L is given by
K ∗ L = {f ∪ g | f ∈ K and g ∈ L} .
The one cone(K) = {a} ∗ K over K with apex a is the join of K with a
single vertex {a}, and the suspension susp(K) = {{a1}, {a2}} ∗K is the join
of K with the 0-dimensional sphere {{a1}, {a2}}.
1.1 Coverings
A ontinuous surjetive map p : X → Y is a overing if there is an open
neighborhood Uy ⊂ Y for eah y ∈ Y suh that the preimage p
−1(Uy) is
a pairwise disjoint union of open subsets in X, and p maps eah of these
subsets homeomorphially to Uy. We all X the overing spae, and Y the
base spae. Two overings p : X → Y and p′ : X ′ → Y ′ are equivalent if there
are homeomorphisms ϕ : X → X ′ and ψ : Y → Y ′ suh that ψ ◦ p = p′ ◦ ϕ
holds.
It is essential for a satisfatory theory of overings to make ertain on-
netivity assumption for X and Y . The spaes mostly onsidered are Haus-
dor, path onneted, and loally path onneted; see Bredon [12, III.3.1℄.
Throughout we will restrit our attention to overings of manifolds, and we
assume X and Y to be onneted, hene they meet the onnetivity assump-
tions in [12℄. If the base spae Y is a d-manifold, then also the overing
spae X is a d-manifold and the preimage of any point y ∈ Y has the same
ardinality. In the ase k = |p−1(y)| < ∞ we all p a k-fold overing. From
now on we assume X and Y to be onneted manifolds and p : X → Y to
be a k-fold overing.
Let y0 ∈ Y be an arbitrary but xed point with preimage p
−1(y0) =
{xi}0≤i≤k−1, and let α : [0, 1]→ Y be a losed path based at y0 representing
a given element [α] ∈ π1(Y, y0). For eah xi ∈ p
−1(y0) there is a unique
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lifted path αi : [0, 1] → X with αi(0) = xi and p ◦ αi = α; see Munkres [49,
Lemma 79.1℄. Its end point αi(1) is again a point in p
−1(y0), and it depends
solely on the homotopy lass [α] of α. Thus π1(Y, y0) ats on the set p
−1(y0)
by [α] · xi = αi(1), whih yields the monodromy homomorphism
mp : π1(Y, y0)→ Sym(p
−1(y0)) ,
where Sym(p−1(y0)) is the symmetri group on the point set p
−1(y0). The
image of mp is denoted by Mp, the monodromy group of p; see Seifert &
Threlfall [60,  58℄. If Y is onneted the isomorphism type of Mp does not
depend on the hoie of y0.
Example 1.1. The basi example of a overing is the k-fold overing of the
1-sphere S
1
by itself. For k ≥ 1 let pk be the omplex map
pk : C→ C : z 7→ z
k .
If we view S
1
as a subset of the omplex numbers then the restrition pk |
S
1
is a k-fold overing of S1 by itself with the yli group of order k as its
monodromy group; see Figure 1.1.
X
p
Y
Figure 1.1. The 4-fold over p4 |
S
1 : S1 → S1 on the left. By oning one obtains the 4-fold
branhed over p4 |
D
2 : D2 → D2 with branhing set {0} on the right.
The overings p : X → Y of a onneted manifold Y are lassied (up
to equivalene) by the onjugation lasses of the subgroups of π1(Y ): The
indued group homomorphism p∗ : π1(X, x0)→ π1(Y, y0) for any x0 ∈ p
−1(y0)
is injetive, and hene π1(X, x0) is isomorphi to a subgroup of π1(Y, y0). In
general the subgroup p∗(π1(X, x0)) depends on the hoie of x0 ∈ p
−1(y0), yet
we have p∗(π1(X, x0)) = g p∗(π1(X, x
′
0)) g
−1
for any x0, x
′
0 ∈ p
−1(y0), where
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g ∈ π1(Y, y0) orresponds to the losed path obtained as the image of a path
from x0 to x
′
0. (A overing where p∗(π1(X, x0)) is independent of the hoie
of x0 ∈ p
−1(y0), or equivalently, where p∗(π1(X, x0)) is a normal subgroup,
is alled regular.) Conversely, for every subgroup H of π1(Y ) there exists a
overing p : X → Y suh that p∗(π1(X)) lies in the onjugation lass of H .
Alternatively, for a xed onneted manifold Y as the base spae, the
monodromy homomorphism mp lassies the overings p : X → Y . For
k ≥ 1 and any group homomorphism m : π1(Y ) → Σk there is a k-fold
overing p : X → Y with mp = m. Here Σk denotes the symmetri group of
order k. The overing p is unique up to equivalene, but the overing spae X
need not be onneted. Moreover, onjugation in Σk does not hange the
homeomorphy type of X.
The lassiations of overings of Y via the subgroups of π1(Y ), and
via the group homomorphisms m : π1(Y ) → Σk, k ≥ 1, hold for a wider
lass of topologial spaes than assumed here, but we will not elaborate; see
Munkres [49,  79,  82℄, and Seifert & Threlfall [60,  58℄ for a substantial
disussion.
Throughout this exposition we will reur to the monodromy group for
the lassiation, sine we have the group of projetivities to be introdued
in Setion 1.2.1 as a ombinatorial equivalent of the monodromy group.
1.1.1 Branhed Covers
The onept of a overing of a spae Y by another spae X is generalized by
Fox [19℄ to the notion of the branhed over. Here a ertain subset of Y may
violate the onditions of a overing map. This allows for a wider appliation
in the onstrution of topologial spaes.
Example 1.2. For k ≥ 1 onsider the map pk : C → C, and the k-fold
overing pk |
S
1
of S
1
by itself from Example 1.1. The 2-ball D
2
does not
admit suh non-trivial overings, sine D
2
has a trivial fundamental group,
hene any overing has a trivial monodromy group. However, if we onsider
the restrition of pk to the unit disk then pk |
D
2
is a k-fold overing exept
for the origin: D
2 \ {0} is homotopy equivalent to S1. The map pk |
D
2
is a
k-fold branhed over with the single branh point {0}; see Figure 1.1.
Branhed overs an be desribed in terms of loal models as in Ex-
ample 1.2 above: In the ase of branhed overs of losed surfaes, a map
f : F˜ → F between losed surfaes is a branhed over if it is nite-to-one,
and if for every x ∈ F˜ there exists a neighborhood Ux ⊂ F˜ suh that the
restrition f |Ux is homeomorphi to pk(x) for some k(x) ≥ 1. In the ase
of branhed overs of d-manifolds for d ≥ 3 more omplex loal models are
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needed. We reommend Piergallini [53℄ for a substantial and easy to read
introdution to branhed overs.
A dierent approah is pursued by Fox [19℄. Consider a ontinuous map
h : Z → Y , and assume the restrition h : Z → h(Z) to be a overing.
If h(Z) is dense in Y (and meets ertain additional onnetivity onditions)
then there is a surjetive map p : X → Y with Z ⊂ X and p |Z = h. The
map p is alled a ompletion of h, and any two ompletions p : X → Y and
p′ : X ′ → Y are equivalent in the sense that there exists a homeomorphism
ϕ : X → X ′ satisfying p′ ◦ ϕ = p and ϕ |Z = Id. The map p : X → Y
obtained this way is a branhed over, and we all the unique minimal subset
Ysing ⊂ Y suh that the restrition of p to the preimage of Y \Ysing is a over,
the branhing set of p. The restrition of p to p−1(Y \ Ysing) is alled the
assoiated over of p. If h : Z → Y is a over, then X = Z, and p = h is a
branhed over with empty branhing set. In this sense the branhed over
generalizes the notion of a over.
We dene the monodromy homomorphism
mp : π1(Y \ Ysing, y0)→ Sym(p
−1(y0))
of a branhed over for a point y0 ∈ Y \ Ysing as the monodromy homomor-
phism of the assoiated over. Similarly, the monodromy group Mp is dened
as the image of mp.
Two branhed overs p : X → Y and p′ : X ′ → Y ′ are equivalent if there
are homeomorphisms ϕ : X → X ′ and ψ : Y → Y ′ with ψ(Ysing) = Y
′
sing,
suh that p′ ◦ ϕ = ψ ◦ p holds. The well known Theorem 1.3 is due to the
uniqueness of Ysing, and hene the uniqueness of the assoiated over; see [53,
p. 2℄.
Theorem 1.3. Let p : X → Y be a branhed over of a onneted mani-
fold Y . Then p is uniquely determined up to equivalene by the branhing
set Ysing, and the monodromy homeomorphismmp. In partiular, the overing
spae X is determined up to homeomorphy.
Let Y be a onneted manifold and Ysing a o-dimension 2 submanifold,
possibly with a nite number of singularities. A meridian around a point
y ∈ Ysing is a non-ontratable, losed path m : [0, 1] → Y \ Ysing whih
is ontratable in (Y \ Ysing) ∪ {y}. If y is not a singular point, one may
piture m as the boundary of a 2-ball embedded transversally to Ysing, and
interseting Ysing in y only. A meridial loop around a point y ∈ Ysing is
a path γ mγ− representing an element in π1(Y \ Ysing, y0), where m is a
meridian around y, and γ is a path in Y \ Ysing from y0 to m(0) = m(1).
Here γ− is the inverse path of γ given by γ−(t) = γ(1− t), and γ γ′ denotes
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the onatenation of two paths γ : [0, 1] → Y and γ′ : [0, 1] → Y with
γ′(0) = γ(1), that is,
γ γ′(t) =
{
γ(2t) if 0 ≤ t ≤ 1
2
γ′(2t− 1) if 1
2
< t ≤ 1 .
We all a branhed over p simple if the image mp(m) of any meridial
loop m around a non-singular point of the branhing set is a transposition
in Mp. Note that the k-fold (branhed) overs pk |
S
1
and pk |
D
2
of S
1
, respe-
tively D
2
, over themselves presented in Examples 1.1 and 1.2 are not simple
for k ≥ 3.
1.2 Unfoldings
In this setion we introdue the notions of the omplete K˜ and partial un-
folding K̂ of a simpliial omplex K. Unfoldings rst appeared in a paper
by Izmestiev & Joswig [36℄, with some of the basi notions already devel-
oped in Joswig [37℄. Unfoldings are geometri objets dened entirely by
the ombinatorial struture of K, and ome along with anonial projetions
r : K˜ → K and p : K̂ → K.
However, K˜ and K̂ may not be simpliial omplexes. In general the
unfoldings are pseudo-simpliial omplexes: Let Σ be a olletion of pairwise
disjoint geometri simplies, and simpliial attahing maps for some pairs
(σ, τ) ∈ Σ× Σ, mapping a subomplex of σ isomorphially to a subomplex
of τ . Identifying the subomplexes aordingly yields the quotient spae Σ/∼,
whih is alled a pseudo-simpliial omplex if the quotient map Σ → Σ/∼
restrited to any σ ∈ Σ is bijetive. The last ondition ensures that there
are no self-identiations within eah simplex σ ∈ Σ.
1.2.1 The Group of Projetivities
Let σ and τ be neighboring faets of a nite, pure simpliial omplex K, that
is, σ∩τ is a ridge. Then there is exatly one vertex in σ whih is not a vertex
of τ and vie versa, hene a natural bijetion 〈σ, τ〉 between the vertex sets
of σ and τ is given by
〈σ, τ〉 : V (σ)→ V (τ)
v 7→
{
v if v ∈ σ ∩ τ
τ \ σ if v = σ \ τ .
The bijetion 〈σ, τ〉 is alled a perspetivity from σ to τ .
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σ τ
γ
v0
v1
v2
〈γ〉(v0)
〈γ〉(v1)
〈γ〉(v2)
Figure 1.2. A projetivity from σ to τ along the faet path γ.
A faet path in K is a sequene γ = (σ0, σ1, . . . , σk) of faets, suh that
the orresponding nodes in Γ∗(K) form a path, that is, σi ∩ σi+1 is a ridge
for all 0 ≤ i < k; see Figure 1.2. Now a projetivity 〈γ〉 along γ is dened as
the omposition of perspetivities 〈σi, σi+1〉, thus 〈γ〉 maps V (σ0) to V (σk)
bijetively via
〈γ〉 = 〈σk−1, σk〉 ◦ · · · ◦ 〈σ1, σ2〉 ◦ 〈σ0, σ1〉 .
Again, we write γ γ′ = (σ0, σ1, . . . , σk, . . . , σk+l) for the onatenation of
two faet paths γ = (σ0, σ1, . . . , σk) and γ
′ = (σk, σk+1, . . . , σk+l), denote
by γ− = (σk, σk−1, . . . , σ0) the inverse path of γ, and we all γ a losed faet
path based at σ0 if σ0 = σk. The set of losed faet paths based at σ0 to-
gether with the onatenation form a group, and a losed faet path γ based
at σ0 ats on the set V (σ0) via γ · v = 〈γ〉(v) for v ∈ V (σ0). Via this a-
tion we obtain the group of projetivities Π(K, σ0) given by all permutations
〈γ〉 of V (σ0). The group of projetivities is a subgroup of the symmetri
group Sym(V (σ0)) on the verties of σ0.
The projetivities along null-homotopi losed faet paths based at σ0
generate the subgroup Π0(K, σ0)<Π(K, σ0), whih is alled the redued group
of projetivities. Finally, if K is strongly onneted then Π(K, σ0) and
Π(K, σ′0), respetively Π0(K, σ0) and Π0(K, σ
′
0), are isomorphi for any two
faets σ0, σ
′
0 ∈ K. In this ase we usually omit the base faet in the nota-
tion of the (redued) group of projetivities, and write Π(K) = Π(K, σ0),
respetively Π0(K) = Π0(K, σ0).
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The odd subomplex. Let K be loally strongly onneted; in partiu-
lar, K is pure. The link of a o-dimension 2-fae f is a graph whih is on-
neted sine K is loally strongly onneted, and f is alled even if lkK(f)
is bipartite, and odd otherwise. We dene the odd subomplex of K as all
odd o-dimension 2-faes (together with their proper faes), and denote it
by Kodd or odd(K).
Assume thatK is pure and admits a (d+1)-oloring of its 1-skeleton Γ(K)
in the graph theoreti sense, that is, we assign one olor of a set of d+1 olors
to eah vertex of Γ(K) suh that the two verties of any edge arry dierent
olors. Observe that the (d+1)-oloring of K is minimal with respet to the
number of olors, and is unique up to renaming the olors if K is strongly
onneted. Simpliial omplexes that are (d+1)-olorable are alled foldable,
sine a (d+1)-oloring denes a non-degenerated simpliial map of K to the
(d+ 1)-simplex.
Lemma 1.4. The odd subomplex of a foldable simpliial omplex K is
empty, and the group of projetivities Π(K, σ0) is trivial. In partiular we
have 〈α〉 = 〈β〉 for any two faet paths α and β from σ to τ .
Proof. Assume f is an odd o-dimension 2-fae. Then lk(f) is not bipartite
and requires at least three olors for oloring. The d− 1 verties of f indue
a d-lique in Γ(st(f)), and eah of the verties of f is adjaent to eah vertex
in lk(f). Hene st(f) is not (d+ 1)-olorable.
As for Π(K, σ0), onsider the strongly onneted omponent of σ0. Ob-
serve that the (d+1)-oloring of the strongly onneted omponent is unique
up to permuting the olors. Hene the equivalene lasses of verties ol-
ored the same orrespond one-to-one to the orbits of the ation of Π(K, σ0)
on V (σ0). Sine there are d + 1 equivalene lasses of verties, eah of the
orbits of Π(K, σ0) is trivial. Finally, assume 〈α〉 6= 〈β〉 for some faet paths α
and β from σ to τ , and let γ be any faet path from σ0 to σ. Now 〈α〉 6= 〈β〉
implies that 〈γ α β− γ−〉 is non-trivial, ontraditing that Π(K, σ0) is triv-
ial.
Here the odd subomplex is of interest in partiular for its relation to
Π0(K, σ0) for a t-nie simpliial omplex K. A projetivity around an odd
fae f is a projetivity along a faet path γ l γ−, where l is a losed faet
path in stK(f) based at some faet σ ∈ stK(f), and γ is a faet path from σ0
to σ. The path γ l γ− is null-homotopi sine K is loally strongly simply
onneted.
Theorem 1.5. (Izmestiev & Joswig [36, Theorem 3.2.2℄). The redued group
of projetivities Π0(K, σ0) of a t-nie simpliial omplex K is generated by
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projetivities around the odd o-dimension 2-faes. In partiular, Π0(K, σ0)
is generated by transpositions.
Consider a geometri realization |K| of K. Reall that suh a geometri
realization always exists if K is nite by assigning one unit vetor to eah
vertex of K. To a given faet path γ = (σ0, σ1, . . . , σk) in K we assoiate
a (pieewise linear) path γ in |K| by onneting the baryenter of σi to the
baryenters of σi ∩ σi−1 and σi ∩ σi+1 by a straight line for 1 ≤ i < k, and
onneting the baryenters of σ0 and σ0 ∩ σ1, respetively σk and σk ∩ σk−1.
The fundamental group π1(|K| \ |Kodd|, y0) of a t-nie simpliial omplex K
is generated by paths γ, where γ is a losed faet path based at σ0, and y0
is the baryenter of σ0; see [36, Proposition A.2.1℄. Furthermore, due to
Theorem 1.5 we have the group homomorphism
hK : π1(|K| \ |Kodd|, y0)→ Π(K, σ0) : [γ] 7→ 〈γ〉 , (1.1)
where [γ] is the homotopy lass of the path γ orresponding to a faet path γ.
1.2.2 The Complete Unfolding
Let K be a pure simpliial d-omplex with xed base faet σ0 ∈ K, let
Σ(K) denote the olletion of faets of K, and set K = Σ(K) × Π(K, σ0).
Eah pair (σ, g) ∈ K is a opy of the geometri simplex |σ| labeled by the
element g ∈ Π(K, σ0). For eah faet σ hoose a xed faet path γσ from σ0
to σ, and let σ and τ be neighboring faets of K with f = σ ∩ τ . Now
dene the equivalene relation ∼ by identifying (f, g) ⊂ (σ, g) ∈ K and
(f, h) ⊂ (τ, h) ∈ K if the equation
gh−1 = 〈γσ〉〈σ, τ〉〈γ
−
τ 〉
holds. The resulting pseudo-simpliial omplex
K˜ = K/∼
is alled the omplete unfolding of K. The anonial map r : K˜ → K is given
by the fatorization of the mapK → K : (σ, g) 7→ σ. For an easy example see
Figure 1.3, and for simpliial omplexes with non-simpliial omplete (and
partial) unfoldings see Figure 1.4.
Alternatively x a (d+1)-oloring of the verties of σ0, and all a (d+1)-
oloring of an arbitrary faet σ admissible if there is a faet path γ from σ0
to σ suh that eah vertex v ∈ σ is olored with the same olor as its preim-
age 〈γ〉−1(v) in the xed (d+ 1)-oloring of σ0. Set K as the set of all pairs
(σ, c), where c is an admissible oloring of σ. Let σ and τ be neighboring
faets ofK. Now we dene the equivalene relation∼ by attahing (σ, c) ∈ K
and (τ, c′) ∈ K along their ommon ridge σ ∩ τ if c and c′ oinide on σ ∩ τ .
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v0
v1 v2
v3
v1
v2
v3
v1
v2
v3
Figure 1.3. The starred triangle and its unfoldings: The omplex on the right is the
omplete unfolding (indiated by the admissible vertex olorings of the faets), as well as
the non-trivial onneted omponent of the partial unfolding (indiated by the labeling of
the faets by the verties v1, v2, and v3). The seond onneted omponent of the partial
unfolding is a opy of the starred triangle with all faets labeled v0.
1.2.3 The Partial Unfolding
The onstrution of the partial unfolding is similar to the seond denition
of the omplete unfolding desribed in the previous paragraph. Here we
set K as the set of all pairs (σ, v), where v ∈ σ is a vertex. Let σ and τ be
neighboring faets of K. We dene the equivalene relation ∼ by attahing
(σ, v) ∈ K and (τ, w) ∈ K along their ommon ridge σ ∩ τ if 〈σ, τ〉(v) = w
holds. Now the partial unfolding K̂ is dened as the quotient spae K/∼.
The anonial map p : K̂ → K is given by the fatorization of the map
K → K : (σ, v) 7→ σ; see Figures 1.3 and 1.4.
In ontrast to the omplete unfolding, the partial unfolding of a onneted
simpliial omplex is not onneted in general. We denote by K̂(σ,v) the
onneted omponent ontaining the labeled faet (σ, v). Clearly, K̂(σ,v) =
K̂(τ,w) holds if and only if there is a faet path γ from σ to τ in K with
〈γ〉(v) = w. It follows that the onneted omponents of K̂ orrespond
to the orbits of the ation of Π(K, σ0) on V (σ0). Note that the omplete
unfolding, as well as eah onneted omponent of the partial unfolding is
strongly onneted and loally strongly onneted [65, Satz 3.2.2℄. Therefore
we do not distinguish between onneted and strongly onneted omponents
of an unfolding.
The problem that K˜ and K̂ may not be simpliial omplexes an be ad-
dressed in several ways. Izmestiev & Joswig [36℄ suggest baryentrially sub-
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Figure 1.4. Two simpliial omplexes with non-simpliial omplete and partial unfoldings.
The omplex on the left has a trivial fundamental group, and the omplete unfolding is
obtained by dupliating the marked enter edge. The partial unfolding onsists of four
pairwise disjoint opies of the omplete unfolding. On the right a ombinatorial 3-ball
whih exhibits a similar pathologial unfolding behavior.
dividing the unfoldings, or anti-prismatially subdividing K: The Baryen-
tri subdivision of any pseudo-simpliial omplex is a simpliial omplex, and
the unfoldings of the anti-prismati subdivision of K are PL-homeomorphi
to the unfoldings of K (see [36, Corollary A.1.6, Proposition A.1.7℄, or Corol-
lary 1.13), while the unfoldings of any anti-prismatially subdivided omplex
are simpliial [36, Proposition A.1.4, Proposition A.1.7℄. The anti-prismati
subdivision is dened in Setion 1.3.1.
A more eient solution (with respet to the size of the resulting tri-
angulations) is given in [65℄: Rather than subdividing all faes of the un-
foldings, only the faes neessary to ensure simpliiality are (stellarly or
anti-prismatially) subdivided. This tehnique relies on the fat that the
unfoldings are loally strongly onneted as, mentioned before.
1.2.4 Branhed Covers and the Unfoldings
The main eort of this setion is to relate the topologial onept of the
branhed over to the anonial maps r : K˜ → K and p : K̂ → K of
the unfoldings. As preliminaries to this setion we state two Theorems by
Fox [19℄ and Izmestiev & Joswig [36℄. Together they imply that under the
usual onnetivity assumptions unfoldings of simpliial omplexes are in-
deed branhed overs as suggested in the heading of this setion. For simpli-
ial omplexes the analog of these topologial onnetivity requirements (see
Setion 1.1.1) are t-nie simpliial omplexes.
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Theorem 1.6. (Izmestiev & Joswig [36, Theorem 3.3.2℄). The restrition
of the omplete unfolding of a simpliial omplex to the preimage of the
omplement of the odd subomplex is a overing. The same is true for eah
omponent of the partial unfolding.
Theorem 1.7. (Fox [19, p. 251℄; Izmestiev & Joswig [36, Proposition 4.1.2℄).
Let f : J → K be a simpliial map, and let J and K be strongly onneted
and loally strongly onneted. The map f is a branhed over if and only if
codimKsing ≥ 2 .
Sine the omplete unfolding and eah onneted omponent of the partial
unfolding is strongly onneted and loally strongly onneted Corollary 1.8
follows.
Corollary 1.8. The omplete unfolding of a strongly onneted and loally
strongly onneted simpliial omplex is a branhed over with the odd sub-
omplex as its branhing set. The same is true for eah omponent of the
partial unfolding.
For the rest of this setion let K be a t-nie simpliial omplex. Also, we
restrit ourselves from now on to the partial unfolding K̂. Assume that the
ation of Π(K, σ0) on V (σ0) has only one non-trivial orbit. In this ase we
refer to the non-trivial onneted omponent of K̂, that is, the unique non-
trivial onneted omponent orresponding to the non-trivial orbit, as the
partial unfolding. Further let y0 be the baryenter of |σ0|. Now p : K̂ → K
is a branhed over by Corollary 1.8, and Izmestiev & Joswig [36℄ proved that
Ksing = Kodd holds, and that there is a bijetion ı : p
−1(y0) → V (σ0) that
indues a group isomorphism ı∗
∣∣
Mp : Mp → Π(S, σ0) suh that the following
Diagram (1.2) ommutes.
π1(|K| \ |Kodd|, y0)
mp
))S
SS
SS
SS
SS
SS
SS
SS
SS
hK

Π(S, σ0) _

Mp
ı∗|Mp
oo
 _

Sym(V (σ0)) Sym(p−1(y0))
ı∗oo
(1.2)
In the ase that the Π(K, σ0)-ation has more than one non-trivial orbit,
x a set of generators of π1(|K| \ |Kodd|, y0) orresponding to losed (faet)
paths around odd o-dimension 2-faes, and possibly further generators of
π1(|K|, y0). Now eah odd o-dimension 2-faes orresponds to exatly one
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non-trivial orbit of the Π(K, σ0)-ation, and Kodd deomposes orrespond-
ingly. In this spirit we an think of the empty set as the odd subomplex
orresponding to a trivial orbit. As mentioned above, the onneted ompo-
nents of K̂ orrespond one-to-one to the orbits of the Π(K, σ0)-ation. There-
fore, in the ase where the Π(K, σ0)-ation has more than one (non-trivial)
orbit, Diagram (1.2) has to be restrited to eah orbit of the Π(K, σ0)-ation,
its orresponding omponent of the odd subomplex, and its orresponding
onneted omponent of K̂.
Consider a t-nie simpliial omplex K, and a branhed over r : X → Z.
Assume that there is a homomorphism of pairs ϕ : (Z,Zsing)→ (|K|, |Kodd|),
that is, ϕ : Z → |K| is a homomorphism with ϕ(Zsing) = |Kodd|. Then
Theorem 1.9 gives suient onditions for p : K̂ → K and r : X → Z to be
equivalent branhed overs. It is the key tool in the onstrution of losed
oriented ombinatorial 4-manifolds in Chapter 3.
Theorem 1.9. Let K be a t-nie simpliial omplex, and let r : X → Z be
a branhed over. Further assume that there is a homomorphism of pairs
ϕ : (Z,Zsing)→ (|K|, |Kodd|), and let z0 ∈ Z be a point suh that y0 = ϕ(z0)
is the baryenter of |σ0| for some faet σ0 ∈ K. The branhed overs p : K̂ →
K and r : X → Z are equivalent if there is a bijetion ι : r−1(z0) → V (σ0)
that indues a group isomorphism ι∗ : Mr → Π(K, σ0) suh that the diagram
π1(Z \ Zsing, z0)
mr

ϕ∗
// π1(|K| \ |Kodd|, y0)
hK

Mr
ι∗ // Π(K, σ0)
(1.3)
ommutes. Here ϕ∗ is the group isomorphisms indued by ϕ. In partiular,
we have K̂ ∼= X.
Proof. Corollary 1.8 ensures that p : K̂ → K is indeed a branhed over, and
ommutativity of Diagram (1.2) and Diagram (1.3) proves ommutativity of
their omposition:
π1(Z \ Zsing, z0)
mr

ϕ∗
// π1(|K| \ |Kodd|, y0)
mp

Mr
ı−1∗ ◦ι∗ //Mp
Theorem 1.3 ompletes the proof.
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1.3 Color Equivalene of Simpliial Complexes
Consider two t-nie simpliial omplexes K and K ′. The (partial) unfoldings
of two homeomorphi simpliial omplexes need not to be homeomorphi in
general. Here we present suient riteria for K̂ ∼= K̂ ′ to hold. We remark
that what follows are by no means neessary onditions. Assume K ∼= K ′
and that the odd subomplexes Kodd and K
′
odd are equivalent, that is, there
is a homeomorphism of pairs ϕ : (|K|, |Kodd|)→ (|K
′|, |K ′odd|). In partiular,
we have ϕ(|Kodd|) = |K
′
odd|. Let σ0 ∈ K be a faet, and y0 the baryenter
of σ0, and assume that the image y
′
0 = ϕ(y0) is the baryenter of |σ
′
0| for
some faet σ′0 ∈ K
′
. Now K and K ′ are olor equivalent if there is a bijetion
ψ : V (σ0)→ V (σ
′
0), suh that
ψ∗ ◦ hK = hK ′ ◦ ϕ∗ (1.4)
holds, where the maps ϕ∗ : π1(|K| \ |Kodd|, y0) → π1(|K
′| \ |K ′odd|, y
′
0) and
ψ∗ : Sym(V (σ0)) → Sym(V (σ
′
0)) are the group isomorphisms indued by ϕ
and ψ, respetively. Observe that this is indeed an equivalene relation. The
name olor equivalent suggests that the pairs (K,Kodd) and (K
′, K ′odd) are
equivalent, and that the olorings of Kodd and K
′
odd by the Π(K, σ0)-ation
of projetivities around odd faes are equivalent. Proposition 1.10 justies
this name.
Proposition 1.10. Let K and K ′ be olor equivalent simpliial omplexes.
Then the branhed overs p : K̂ → K and p′ : K̂ ′ → K ′ are equivalent.
Proof. With the notation of Equation (1.4) we have that
π1(|K| \ |Kodd|, y0)
ϕ∗
//
mp
wwoo
oo
oo
oo
oo
oo
o
hK

π1(|K
′| \ |K ′odd|, y
′
0)
mp′
''P
PP
PP
PP
PP
PP
PP
hK′

Mp
ı∗ // Π(K, σ0)
ψ∗
// Π(K ′, σ′0) Mp′
ı′
∗oo
ommutes, sine the Diagram (1.2) ommutes and Equation (1.4) holds. The-
orem 1.3 ompletes the proof.
1.3.1 The Anti-prismati Subdivision
Let ck be the simpliial omplex obtained from the boundary omplex of
the (k+1)-dimensional ross polytope by removing one faet. Alternatively,
dene ck as the simpliial omplex arising from the Shlegel diagram of the
(k + 1)-dimensional ross polytope; see Ziegler [66℄. To be more expliit,
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let σ = {+vi}0≤i≤k be the verties of the k-simplex. Then the faets of ck
are dened as all subsets σ′ 6= σ of {±vi}0≤i≤k suh that either +vi ∈ σ
′
or −vi ∈ σ
′
holds. The omplex ck and the k-simplex are PL-homeomorphi
with isomorphi boundaries, and ck is (k + 1)-olorable by assigning the
same olor to +vi and −vi, as {+vi,−vi} is not an edge. The anti-prismati
subdivision af(K) of a k-fae f of a simpliial d-omplex K is obtained
from K by replaing stK(f) by the join of ck with lkK(f), that is
af (K) = (K \ stK(f)) ∪ (ck ∗ lkK(f)) .
Observe that for a subomplex L ⊂ K the anti-prismati subdivision
af (L) equals the union of all faes of af (K) arising by subdividing faes
of L. For an example of a 2-omplex with a subdivided edge and triangle see
Figure 1.5.
Lemma 1.11. The anti-prismati subdivision af (K) of a fae f of any fold-
able simpliial omplex K is again foldable.
Proof. Fix a (d + 1)-oloring of the verties of K. Let {+v0,+v1, . . . ,+vk}
denote the vertex set of f , and let σ = {+v0, . . . ,+vk, wk+1, . . . , wd} be a
faet in stK(f) with +vi, respetively wi, olored by its index. Now assigning
olor i to the verties ±vi, respetively wi, in af(σ) yields a (d+ 1)-oloring
of af (σ). If σ 6∈ stK(f) olor the verties of the opy of σ in af(K) in the
same way as the verties of σ. (If one thinks of af(K) as an renement of K,
then a faet σ ∈ K whih is not subdivided appears as a faet in af (K).
However, here we onsider K and af (K) as distint objets and refer to the
opy of σ in af(K).) The olorings of any two faets σ, τ ∈ K oinide in
σ ∩ τ , sine K is foldable. Thus the olorings of af (σ) and af (τ) oinide on
af (σ ∩ τ).
Let σ ∈ stK(f) be a faet, and (with the notation from the proof above)
+vi ∈ f a vertex of σ. Then we dene −vi ∈ af(K) as the orresponding
vertex of +vi. The orresponding vertex of wi ∈ σ \ f is its opy in af (K).
For a vertex w ∈ σ of a faet σ 6∈ stK(f) dene its orresponding vertex as its
opy in af(K). The orresponding vertex of a vertex v is denoted by v∗. Note
that if af(σ) is olored as in the proof of Lemma 1.11, v and v∗ are olored
the same. Indued by the denition of the orresponding verties we obtain
the orresponding faet σ∗ ∈ af (K) for eah faet σ ∈ K; see Figure 1.5.
The anti-prismati subdivision a(K) of a simpliial omplex K is de-
ned by reursively anti-prismatially subdividing all faes of K from the
faets down to the edges. Observe that af(K), and hene a(K), are PL-
homeomorphi to K, and that af (K) and a(K) inherit t-nieness from K.
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+v0 +v1
w2
+v0
−v0
+v1−v1
w2
Figure 1.5. Choosing a orresponding faet path after anti-prismati subdivision of the
edge {+v0,+v1} and a triangle. The orresponding faets are marked.
Proposition 1.12. Let K be a t-nie simpliial omplex. The simpliial
omplexes af(K), a(K) and K are olor equivalent.
Proof. It sues to prove that af(K) and K are olor equivalent. First
observe that odd(af (K)) = af (Kodd) holds: There are no odd o-dimension
2-faes in af (σ ∪ τ) for any neighboring faets σ, τ ∈ K by Lemma 1.4, sine
af(σ ∪ τ) is (d + 1)-olorable by Lemma 1.11. As for a o-dimension 2-fae
g′ ∈ af (K) arising by subdivision of a o-dimension 2-fae g ∈ K, we have
lkaf (σ)(g
′) = c(f \ g) ∗ ((σ \ f) \ g) ,
for eah faet σ ∈ stK(g). Here c(f \ g) denotes cdim(f\g) on the vertex
set f \ g. Inspetion of the three ases f \ g is empty, a vertex, or an edge (g
is a o-dimension 2-fae) yields that lkaf (σ)(g
′) is either an edge (in the rst
two ases) or c1. Thus the parity of lkaf (σ)(g
′) equals the parity of lkσ(g),
and g′ is odd if and only if g is odd.
This establishes the homeomorphism of pairs
ϕ : (|K|, |Kodd|)→ (|af(K)|, | odd(af (K))|) ,
sine af(K) and K are PL-homeomorphi.
It remains to prove ommutativity of Equation (1.4). Choose σ0 ∈ K and
ψ : V (σ0)→ V ((σ0)∗) : v 7→ v∗ .
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For two neighboring faets σ, τ ∈ K, and any faet path γ(σ∗,τ∗) in af (σ ∪ τ)
from σ∗ to τ∗, we have
(〈σ, τ〉(v))∗ = 〈γ(σ∗,τ∗)〉(v∗)
by Lemma 1.11 and 1.4. Reall that the map v 7→ v∗ is dened for eah faet
individually: On the right-hand side of the equation above the star denotes
the image of the map V (τ)→ V (τ∗), and on the left-hand side the image of
the map V (σ)→ V (σ∗).
For a given faet path γ = (σ0, σ1, . . . , σl) hoose a orresponding path
γ∗ = γ((σ0)∗,(σ1)∗) γ((σ1)∗,(σ2)∗) . . . γ((σl−1)∗,(σl)∗) ,
and we have ommutativity of the following diagram:
V (σ0)
〈σ0,σ1〉
//
∗

V (σ1)
〈σ1,σ2〉
//
∗

. . . 〈σl−1,σl〉 // V (σl)
∗

V ((σ0)∗)
〈γ((σ0)∗,(σ1)∗)〉// V ((σ1)∗)
〈γ((σ1)∗,(σ2)∗)〉 // . . .
〈γ((σl−1)∗,(σl)∗)〉
// V ((σl)∗)
Here the down arrows indiate the maps v 7→ v∗. Composition of the rst
row yields the projetivity 〈γ〉, and omposition of the seond row yields the
projetivity 〈γ∗〉. For an example of a orresponding path see Figure 1.5.
For any losed faet path based at σ0 ommutativity of the diagram above
ompletes the proof.
Corollary 1.13 is an immediate onsequene of Proposition 1.12 and Propo-
sition 1.10. It slightly generalizes an earlier result by Izmestiev & Joswig [36,
Corollary A.1.6℄.
Corollary 1.13. We have âf(K) ∼= K̂ for any t-nie simpliial omplex K.
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Fox [19℄ shows that the overing spae X of a branhed over p : X → Y
is a PL-manifold, provided that Y is a PL-manifold, Ysing is a loally at
submanifold of o-dimension 2, and the index of branhing is nite every-
where. However, in the ourse of this exposition we will enounter branhing
sets with singularities. In fat, for an arbitrary dimension d there are PL d-
manifolds whih an not be obtained as branhed overs of the d-sphere over
a loally at submanifold of o-dimension 2; see Bernstein & Edmunds [4℄.
Lemma 1.14 and Proposition 1.15 shed some light on the question, what
kind of singularities are allowed suh that the overing spae is a PL-manifold.
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Lemma 1.14. Coning and unfolding ommute, that is, for the omplete
unfolding of a simpliial omplexK, and for eah onneted omponent K̂(σ,w)
of the partial unfolding we have
˜cone(K) = cone(K˜) and ̂cone(K)(σ,w) = cone(K̂(σ,w)) .
Proof. A faet path γ = (σ0, σ1, . . . , σk) in K lifts uniquely to the faet
path γ∗ = (a ∗ σ0, a ∗ σ1, . . . , a ∗ σk) in cone(K) = a ∗ K with apex a.
Furthermore, for any losed faet paths γ∗ in cone(K) based at a ∗ σ0 we
have 〈γ∗〉(v) = 〈γ〉(v) ∈ σ0 for any vertex v ∈ σ0, and 〈γ
∗〉(a) = a. If
one realls the relation ∼ in the onstrution of K˜, respetively K̂, it is
immediate that two (labeled) simplies σ, τ ∈ K are identied if and only
if a ∗ σ and a ∗ τ are identied.
Proposition 1.15. Let K be a ombinatorial d-manifold. Then K˜ is a
ombinatorial d-manifold if and only if l˜k(v) is a ombinatorial (d−1)-sphere
for eah vertex v ∈ K. Similarly, a onneted omponent K̂(σ,w) of the
partial unfolding is a ombinatorial d-manifold if and only if l̂k(v)(σ,w) is a
ombinatorial (d− 1)-sphere for eah vertex v ∈ K.
Proof. As a diret onsequene of Lemma 1.14 we have
lk eK(w) = l˜kK(v) and lk bK(σ,w)(w) = l̂kK(v)(σ,w)
for eah vertex w in the preimage of v under the projetion K˜ → K, respe-
tively K˜ → K.
Remark 1.16. The omplete and partial unfolding of the vertex link of
v 6∈ Kodd is always a disjoint union of opies of lkK(v). Hene it sues to
verify the onditions of Proposition 1.15 for verties v ∈ Kodd.
In the ase of the partial unfolding, reall that the odd subomplex de-
omposes aording to the orbit struture of the Π(K)-ation, and that the
onneted omponents of K̂ orrespond one-to-one to the orbits of the Π(K)-
ation; see Setion 1.2.4. Hene it sues to verify the onditions of Propo-
sition 1.15 for verties in the omponent of Kodd orresponding to K̂(σ,w).
If the odd subomplex Kodd of a ombinatorial d-manifold K is loally
at, then lk(v) is a ombinatorial (d−1)-sphere with a ombinatorial (d−3)-
sphere as odd subomplex. From π1(|K| \ |Kodd|) ∼= Σ2 and the lassiation
of the overing spaes via the subgroups of the fundamental group of the
base spae (see Setion 1.1), one dedues that l˜k(v) ∼= Sd−1 is the onneted
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sum of two ombinatorial (d−1)-spheres (thus again a ombinatorial (d−1)-
sphere), and l̂k(v) is the union of l˜k(v) and d − 1 opies of lk(v). Hene
Proposition 1.15 implies Fox's statement [19℄ for the unfoldings.
To onlude this setion we examine the ase d = 3. For d = 4 there are
two spei singularities whih are essential for the onstrution of ombi-
natorial 4-manifolds in Chapter 3, and they will be disussed therein. We
start the analysis of the ase d = 3 by remarking that following an easy
double ounting argument any ombinatorial 2-sphere has an even number
of odd verties. Thus any singular vertex v ∈ Kodd is inident to an even
number ≥ 4 of odd edges.
We rst lassify the singular verties with four inident odd edges, that
is, singularities of the form cone(C), where C is a ombinatorial 2-sphere
with four verties as its odd subomplex. Up to olor equivalene, there are
only two types Ca and Cb of ombinatorial 2-spheres with four odd verties,
whih are lassied by their group of projetivities: We have Π(Ca) ∼= Σ2
and Π(Cb) ∼= Σ3; see Figure 1.6 and [36, Setion 5.3℄.
Figure 1.6. Triangulations of S
2
of type Ca and Cb. The odd subomplex is marked.
Proposition 1.17. Let K be a ombinatorial 3-manifold. Then K˜ is a
ombinatorial 3-manifold if and only if Kodd is loally at. Eah onneted
omponent of K̂ is a ombinatorial 3-manifold if and only if the orrespond-
ing omponent of Kodd is loally at exept for singularities of the type
cone(Cb).
Proposition 1.17 in not essential for the understanding of the rest of this
exposition, and will only motivate its result. Via omputation by hand or
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aided by polymake [21℄, one establishes C˜a ∼= Ĉa ∼= C˜b are homeomorphi
to the torus, and Ĉb is again a 2-sphere. A triangulation of type Ca an
be obtained from the boundary omplex of the bipyramid over the 8-gon by
stellar subdividing two opposite edges, eah adjaent to one of the apies.
The boundary omplex of the 3-simplex is of type Cb; see Figure 1.6. The un-
foldings of the boundary of the 3-simplex are disussed in [36, Setion 3.3.3℄.
Now Proposition 1.15 proves Proposition 1.17 for singularities of the types
cone(Ca) and cone(Cb).
As for a singular vertex v inident to six or more odd edges, there is
always a subsingularity of the type cone(Ca) ontained in st(v). Thus the
unfoldings of lk(v) are not homeomorphi to S2.
Chapter 2
Foldability and Obstrutions
Foldable simpliial omplexes are relevant in various elds of mathematis.
Here they are of interest sine foldable triangulations of lattie polytopes
(with some additional properties) yield lower bounds for the number of real
roots of ertain polynomial systems by Soprunova & Sottile [62℄. Their ap-
proah and how to onstrut foldable triangulations of produts of lattie
polytopes from foldable triangulations of the fators are disussed in Chap-
ter 4.
In Chapter 3 foldable simpliial omplexes form the building bloks in
the onstrution of triangulations with a presribed odd subomplex. The
resulting omplexes are not foldable, and the main obstrution to foldability
is their odd subomplex. In general, foldable and empty odd subomplex
are equivalent for a simply onneted, t-nie simpliial omplex, hene the
title of this hapter.
After realling some fats about foldability and introduing basi deni-
tions and notations, Setion 2.1 provides tehniques for extending foldable
(partial) triangulations of various representations of topologial spaes. First
a triangulation S and oloring of the (d − 1)-sphere is extended to a trian-
gulation and oloring of the d-ball in Theorem 2.3. Here speial attention is
payed to regular extensions of regular triangulations, that is, S is the bound-
ary omplex of a (simpliial) polytope. Further, we examine extensions of
lattie triangulations. We also give upper bounds for the size of the extended
triangulation. We proeed by extending Theorem 2.3 to partial triangula-
tions of CW-omplexes and relative handlebody deompositions of dimension
at most 4. These tehniques are ruial in the onstrution of losed oriented
ombinatorial 4-manifolds in Chapter 3.
Next we present a tool for the onstrution of simpliial omplexes with a
presribed odd subomplex. The onstrution begins with a foldable simpli-
ial omplex and uses stellar subdivision of edges. The simpliial omplexes
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(and their odd subomplexes) obtained this way are not the ones used in the
onstrution of ombinatorial 4-manifolds via the partial unfolding, but they
sue for the onstrution of oriented PL 4-manifolds with a handlebody
representation of the form H0 ∪ λ1H
1 ∪ λ2H
2
.
Finally we examine the onnetion between k-olorability and the group
of projetivities of a t-nie simpliial omplexes further. Here the question
arises whether (d+ 2)-olorability of a simply onneted, t-nie simpliial d-
omplex K yields non-trivial upper bounds for the size of Π(K)? Conversely,
does Π(K) ∼= Σ2 bound the hromati number of Γ(K) from above? We
present ounterexamples to both questions.
Foldable simpliial omplexes. In Chapter 1 we dened a pure simpliial
d-omplex K to be foldable if K admits a non-degenerate simpliial map to
the d-simplex. Equivalently, the 1-skeleton Γ(K) of K is (d+1)-olorable in
the graph-theoreti sense: that is, there is a map c from the vertex set V (K)
to the set [d + 1] suh that for eah edge {u, v} ∈ K we have c(u) 6= c(v).
Here [k] = {0, . . . , k − 1} denotes the set of the rst k integers. Notie that
there is no oloring of the verties of K with less than d + 1 olors, sine
the d+ 1 verties of any faet form a lique. If K is strongly onneted and
foldable then the (d+ 1)-oloring of K is unique up to renaming the olors.
Goodman & Onishi [27℄ observed that the 4-Color-Theorem [57℄ is equiv-
alent to the property that eah simpliial 3-polytope admits a foldable tri-
angulation (with or without additional verties in the interior).
Remark 2.1. Other soures, inluding Billera & Björner [5℄, Stanley [63℄,
Soprunova & Sottile [62℄, Izmestiev & Joswig [36℄, and Joswig [37℄, all fold-
able simpliial omplexes balaned. However, this seems to reate onits
with other onepts: A triangulation of a polygon whose dual graph is a
balaned tree is sometimes alled balaned, and a minimal set of anely
dependent verties of a polytope with an equal number of positive and neg-
ative oeients is alled a balaned iruit in Bayer [3℄. Goodman &
Onishi all foldable triangulations (of balls and spheres) even. However,
this does not desribe the situation in the non-simply onneted ase. For
these reasons we suggest the name foldable instead.
Reall that Lemma 1.4 proves that the odd subomplex Kodd of a loally
strongly onneted and foldable simpliial omplex K is empty, and that the
group of projetivities Π(K, σ0) is trivial. Conversely, for t-nie simpliial
omplexes, we have that K is foldable if Π(K) = Π(K, σ0) is trivial. If,
additionally, K is simply onneted, then Kodd = ∅ implies foldability; see
Theorem 1.5.
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Let K be a strongly onneted and foldable simpliial omplex of dimen-
sion d, and x a (d + 1)-oloring using the olors [d + 1] = {0, 1, . . . , d}.
Then the {i0, i1, . . . , ik}-skeleton is the subomplex of K indued by the ver-
ties olored {i0, i1, . . . , ik}. Observe that the {i0, i1, . . . , ik}-skeleton is a
pure simpliial omplex of dimension k. This denition of the {i0, i1, . . . , ik}-
skeleton is not to be onfused with the k-skeleton, the olletion of all faes
of dimension ≤ k.
A triangulation K of the d-sphere is regular, if there is a (simpliial)
(d + 1)-polytope with K as its boundary omplex. In the ase that K is a
triangulation of a d-polytope P , we all K regular if K an be lifted to d+1
dimensions as a lower onvex hull. That is, if there is a onvex funtion
λ : Rd → R suh that K oinides with the polyhedral subdivision of P
indued by the lower onvex hull of the set{
(v, λ(v)) ∈ Rd+1
∣∣ v ∈ V (K)} .
In this ase λ is alled a lifting funtion for K. Regular triangulations are
used widely in Chapter 4, and will be disussed therein.
Consider two simpliial omplexes K and L, and a ontinuous map h :
|K| → |L| from a geometri realization |K| ofK to a geometri realization |L|
of L. A simpliial approximation of h is a simpliial map h′ : K → L, whih
for eah vertex v ∈ K maps the open vertex star of v into the open vertex
star of h′(v). Although suh a simpliial approximation does not exist in
general, there is always a simpliial approximation h′ : K ′ → L, where K ′
is a renement of K. If K is nite, then the (nitely) iterated baryentri
subdivision of K sues; see Munkres [50,  16℄. Alternatively, the anti-
prismati subdivision an be used to rene K if K is nite [36, A.1.1℄.
Representations of Topologial Spaes. We dene a CW-omplex fol-
lowing Hather [28, p. 5℄. The denition is indutively: The 0-skeleton X0
is a disrete set of points, alled the 0-ells. The k-skeleton Xk is on-
struted from the (k − 1)-skeleton Xk−1 by attahing k-balls Ckα via maps
ϕα : ∂C
k
α → X
k−1
. Here ∂Ckα denotes the boundary of C
k
α. That is, X
k
is the
quotient spae obtained from the disjoint union of Xk−1 and the olletion
of k-balls {Ckα}α by the identiations x ∼ ϕα(x) for x ∈ ∂C
k
α. Thus
Xk = Xk−1 ·∪
⋃
α
· ekα
is the disjoint union of Xk−1 and an open k-ball ekα for eah k-ball in {C
k
α}α.
The open k-balls {ekα}α are alled the k-ells, and the k-balls {C
k
α = cl(e
k
α)}α
are the losed k-ells. The dimension of the highest non-empty skeleton
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determines the dimension of X, that is, if all ells are of dimension d or
less, then X = Xd is of dimension d. From now on we only onsider CW-
omplexes X with a nite number of ells. In partiular the dimension of X
is dened.
A CW-omplex is regular if eah attahing map ϕα : ∂C
k
α → X
k−1
is
a homeomorphism, and the image ϕα(∂C
k
α)
∼= Sk−1 is ontained in a nite
number of ells of a lower dimension. A (regular) CW-omplex X home-
omorphi to a given spae |X| is alled a (regular) ell deomposition. As
an example onsider the ell deomposition of S
k
obtained by attahing two
k-ells to a ell deomposition of Sk−1.
We present a dierent deomposition of topologial spaes. Let N be a
topologial spae and R ⊂ N a subspae. A relative handlebody deomposi-
tion of the pair (N,R) is a sequene
R = N−1 ⊂ N0 ⊂ N1 ⊂ · · · ⊂ Nd = N
of subspaes, where Nk is obtained from Nk−1 by attahing a nite num-
ber of k-handles {Hkα}α; see Glaser [25, Vol. II, p. 49℄. Eah k-handle
Hkα = D
k ×Dd−k is attahed to the boundary of Nk−1 via a PL-embedding
fα : ∂D
k ×Dd−k → ∂Nk−1, and we require the images of the maps {fα}α to
be pairwise disjoint:
Nk = Nk−1 ∪
⋃
fα
· Hkα
We all a relative handlebody deomposition of the pair (N, ∅) a handle
representation of N .
Example 2.2. Eah nite PL d-manifoldM admits a handle representation
M = H0 ∪ λ1H
1 ∪ λ2H
2 ∪ · · · ∪ λd−1H
d−1 ∪Hd .
Here we suppressed the attahing maps of the handles in the notation. The
spae Nk = H0 ∪ λ1H
1 ∪ · · · ∪ λkH
k
is obtained from Nk−1 by attahing λk
opies of a k-handle via their attahing maps. A handle representation may
be obtained from any triangulation T of M by hoosing an i-handle for eah
i-faes of T . In order to get a handle representation with a single 0-handle,
hoose a spanning tree of the 1-skeleton of T . The edges of T ontained
in the spanning tree together with the verties of T orrespond to a single
0-handle. We then attah the 1-, 2-, . . . , d-handles as before. Similarly, all
the ridges of T orresponding to edges in a spanning tree of the dual graph
of T together with the faets of T orrespond to a single d-handle.
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2.1 Extending Triangulations
In this setion we address the following problem: Given a partial triangula-
tion of some spae T , how an we nd a triangulation of the entire spae T
while preserving ertain properties. We are interested in partiular in pre-
serving k-olorability, whih proves ruial in the onstrution of ombinato-
rial 4-manifolds in Chapter 3, and regularity. The triangulated part might
be low dimensional, e.g. parts of the boundary of a PL-manifold. The key
example is the extension of a triangulation of S
d−1
to a triangulation of D
d
;
see Theorem 2.3. Here we are interested in preserving (or bounding) the
hromati number of the graph of the extended triangulation, that is, we
want to extend the partial triangulation and a given oloring to a triangula-
tion and oloring of T . Additionally we are interested in extending boundary
omplexes of simpliial polytopes to regular triangulations.
A rst assault on this question is by Goodman & Onishi [27℄, who proved
that a 4-olorable triangulation of S
2
may be extended to a 4-olorable trian-
gulation of D
3
. Their result was improved independently by Izmestiev [35℄
and [65℄ to arbitrary dimensions. The proofs in [35℄ and [65℄ are similar,
and we only give a sketh of the onstrution here sine Theorem 2.3 is a
stronger result. Let S be a k-olored ombinatorial (d − 1)-sphere, and we
want to extend S to a max{k, d+1}-olored triangulation B of Dd. We have
k ≥ d and in the ase k = d set B = cone(S). Otherwise observe that the
link lkS(v) of a vertex v ∈ S is a (k−1)-olored ombinatorial (d−2)-sphere,
and we may extend the triangulation of lkS(v) to a max{k − 1, d}-olored
triangulation Bv of D
d−1
by indution. Choose one olor c0, and let C be
the set of all c0-olored verties. Note that the interiors of stS(v) and stS(w)
are disjoint for any two distint verties v, w ∈ C, sine v and w are olored
the same. Now we over eah vertex v ∈ C by adding v ∗ Bv to S, and B
an be ompleted by oning, that is,
B = cone
((
S \
⋃
v∈C
stS(v)
)
∪
⋃
v∈C
Bv
)
∪
⋃
v∈C
v ∗Bv .
The apex is olored c0; see Figure 2.1 (rst row).
2.1.1 Extending Regular Triangulations of the Sphere
In Theorem 2.3 we assume S to be the boundary of a simpliial polytope
and require B to be a regular triangulation. Surprisingly, the onstrution in
the proof of Theorem 2.3 yields the same triangulation as the proofs in [35℄
and [65℄.
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eτe
Figure 2.1. Two ways to extend a triangulation S of S1 and its oloring to D2. In the
rst row verties with one xed olor are overed. The triangulation in the seond row
is obtained by stellar subdivision of oniting edges in cone(S). A oniting edge e and
its orresponding fae τe are marked.
Theorem 2.3. Let S be a k-olored ombinatorial (d − 1)-sphere. Then
there exists a ombinatorial d-ball B with boundary ∂B equal to S suh that
the oloring of S may be extended to a max{k, d+ 1}-oloring of B.
The d-ball B an be derived from the one over S by a nite sequene of
stellar subdivisions of edges. In partiular, if S is regular then B is regular.
Proof. The d-ball B is onstruted from the one v0 ∗ S over S with apex v0
by a nite series of stellar subdivisions of edges. If S is regular then B is
regular sine v0∗S is regular, and stellar subdivision of an edge is a polytopal
operation; see Ziegler [66℄. Similarly, B is a ombinatorial d-ball, sine v0 ∗S
is a ombinatorial d-ball and stellar subdivision of edges does not hange the
PL-type.
It remains to show how to suessively subdivide edges of v0 ∗ S suh
that the resulting triangulation B is olorable using max{k, d + 1} olors,
suh that ∂B = S, and the oloring of ∂B and S oinide. Note that the
ase k = d is trivial as we may assign a new olor to v0. Hene we assume
k ≥ d+ 1, and we hoose any d+ 1 olors from the k olors used to olor S.
Without loss of generality we assume these d+ 1 olors to be 0, 1, . . . , d.
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We assign the olor 0 to v0, and subdivide oniting edges, that is,
edges with their both verties olored the same, in a sequene of d steps
v0 ∗ S = B0, B1, . . . , Bd = B. To obtain Bi from Bi−1 we stellarly subdivide
all oniting edges with verties olored i − 1 of Bi−1 and olor the new
verties i. Let the set of verties introdued in the onstrution of Bi be Vi,
and let V0 = {v0}. For the rest of this proof x a geometri realization |B0|
of B0. In the ase S, and hene B0, is regular, hoose |B0| to be onvex.
A geometri realization of Bi is obtained by assigning the baryenter of e
to a new vertex introdued when subdividing an edge e, and we hoose the
indued geometri realization for any subomplex of Bi. Further let ‖K‖
be the set union of all geometri simplies of a geometri realization |K| of
a simpliial omplex K. We prove by indution on i = 0, 1, . . . , d that the
following holds:
(1) S = ∂Bi and the oloring of ∂Bi and S oinide.
(2) The verties of a oniting edge {v, w} ∈ Bi are olored i, and v ∈ Vi
and w ∈ S. In partiular there are no oniting edges in S.
(3) For eah oniting edge e ∈ Bi there is a (i + 1)-fae τe ∈ B0, suh
that ‖ stB0(τe)‖ = ‖ stBi(e)‖ holds, and τe is olored 0, 0, 1, . . . , i in the
oloring of B0. We all τe the orresponding fae of e.
(4) The interiors of | stBi(e)| and | stBi(e
′)| of two oniting edges e and e′
are disjoint.
We rst remark, that (3) implies that B = Bd has no oniting edges,
sine the orresponding fae τe ∈ B0 of a oniting edge e would have
dimension d+1, yet B0 is only d-dimensional. In order to make this onlusion
more transparent, onsider the seond to last step Bd−1. A oniting edge
e ∈ Bd−1 has a faet of B0 as its orresponding fae τe, and τe is olored
0, 0, 1, . . . , d− 1. By (3) we have
‖ stB0(τe)‖ = ‖τe‖ = ‖ stBi(e)‖ ,
thus all edges {v, w} arising when stellarly subdividing e (in the last step)
have a d-olored vertex v ∈ Vd, and w is either in V0∪V1∪ . . . Vd−1 or a vertex
of τe. Yet all verties in V0 ∪ V1 ∪ . . . Vd and in τe are olored with a olor
less than d, and no onits arise in the last step. Thus B is max{k, d+ 1}-
olorable, and is an extension of S by (1).
Conditions (1) and (2) are immediate for B0 = v0 ∗ S by onstrution,
and for a oniting edge e we set τe = e, hene (3) holds. The link of
a oniting edge {v, w} ∈ B0 with w ∈ S equals lkS(w), thus there are
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no further 0-olored verties in lkS(w), and no other oniting edge are
ontained in stB0({v, w}) = {v, w} ∗ lkS(w). This establishes (4) for B0.
Now let i ≥ 1. By (4) we an perform the stellar subdivisions of oniting
edges in Bi−1 independently. Sine there are no oniting edges in S ⊂ Bi−1
by indution, (1) is valid for Bi. In partiular Vi ∩ S = ∅ holds. Eah
oniting edge e of Bi−1 is subdivided introduing a new vertex ve ∈ Vi
olored i. Introduing ve only auses onits with verties in S, sine the
verties in V0 ∪ V1 ∪ . . . Vi−1 are olored with olors less than i by indution,
thus (2) holds for Bi.
Let {v, w} be a oniting edge with v ∈ Vi and w ∈ S. The vertex v was
introdued by stellar subdivision of an edge ev ∈ Bi−1 in the onstrution
of Bi, and we set τ{v,w} = w ∗ τev . The fae τ{v,w} is olored 0, 0, 1, . . . , i− 1
by indution, and w is olored i. Further we have
‖ stBi({v, w})‖ = ‖ stBi(v)‖ ∩ ‖ stBi(w)‖ = ‖ stB0(τev)‖ ∩ ‖ stBi(w)‖
= ‖ stB0(w ∗ τev)‖ = ‖ stB0(τ{v,w})‖
(2.1)
by indution, whih settles (3). Finally, let {v, w} and {v′, w′} be two on-
iting edges in Bi. Then by Equation 2.1 | stBi({v, w})| ⊂ | stB0(τev)| =
| stBi−1(ev)| and | stBi({v
′, w′})| ⊂ | stB0(τev′ )| = | stBi−1(ev′)|. It follows
that the interiors of | stBi({v, w})| and | stBi({v
′, w′})| are disjoint, sine
| stBi−1(ev)| and | stBi−1(ev′)| are disjoint by indution. Thus (4) holds for Bi,
and the proof is omplete. For an illustration of the ase d = 2 see Figure 2.1
(seond row) and Figure 2.2.
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Figure 2.2. Convex hull of the extended triangulation of a 7-gon and its Shlegel diagram.
Remark 2.4. In the ase that S is the boundary omplex of some simpliial
polytope P , then the triangulation B of P is atually shlegel, that is, there
exists a onvex lifting of B suh that the verties of ∂B lie in a hyperplane.
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Remark 2.5. Algorithmially the onstrution omes down to onseutive
stellar subdivision of all oniting edges of cone(S) while taking are whih
olor is assigned to the new vertex. Theorem 2.3 proves termination of the
algorithm.
2.1.2 Regular Triangulations of Lattie Polytopes
Regular triangulations of lattie polytopes are instrumental for various appli-
ations. Here we would like to point out the algebrai appliation disussed
in Chapter 4. Additionally onditions like ertain oloring restritions may
be requested as well. We will apply Theorem 2.3 to vertex olored simpliial
lattie polytopes suh that triangulation and oloring may be extended to
the interior of the polytope using only lattie points as new verties.
Theorem 2.6. Let P be a simpliial lattie d-polytope with a k-olored
graph, that is, we assume that its vertex oordinates are integral. If all ver-
ties of the baryentri subdivision of cone(∂P ) are lattie points, then there
exists a regular lattie triangulation of P whih is max{k, d + 1}-olorable,
and the triangulation and the oloring of P extend the triangulation and the
oloring of ∂P .
The maximal denominator of the vertex oordinates of the baryentri
subdivision of a rational d-polytope P is at most 2d times as large as the
maximal denominator of the vertex oordinates of P . Hene the following
orollary.
Corollary 2.7. If P is obtained from a simpliial lattie d-polytope by multi-
pliation with 2d, then there exists a regular lattie triangulation of P whih
is max{k, d+1}-olorable, and the triangulation and the oloring of P extend
the triangulation and the k-oloring of ∂P .
Proof of Theorem 2.6. We prove that under the onditions of Theorem 2.6
the verties introdued in the proof of Theorem 2.3 an be realized as lattie
points, and we refer to the notation of the proof of Theorem 2.3. Let e be
a oniting edge, and reall the denition of its orresponding fae τe ∈
cone(∂P ). Conversely, any fae τ ∈ cone(∂P ) orresponds to at most one
ritial edge: Let e and e′ be ritial edges in some Bi and Bj. First note
that if i 6= j the faes τe and τe′ have dierent dimensions by (3). In the ase
i = j the interiors of ‖ stBi(e)‖ = ‖ stB0(τe)‖ and ‖ stBi(e
′)‖ = ‖ stB0(τe′)‖ are
disjoint by (4) and (5).
Choosing the baryenter of τe as oordinates for the vertex introdued to
subdivide a oniting edge e ompletes the proof.
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2.1.3 Size of the Extended Triangulation
The triangulation onstruted in the proof of Theorem 2.3 is small in the
sense that the expeted number f0(B) of verties of the triangulated d-ball B
is bounded by the number f1(S) of edges of the original (d − 1)-sphere S
for d ≥ 4. Again we refer to the notation in the proof of Theorem 2.3. In the
ase d < 4 the expeted value of f0(B) is bounded asymptotially by f1(S).
The triangulation of B depends on the order of the d+ 1 olors assigned
to the verties in V0, V1, . . . , Vd. Coloring the verties in Vi with σ(i) for some
permutation σ of [d+ 1] is an ordering of the olors.
Theorem 2.8. The expeted number E(f0(B)) (with respet to dierent
orderings of the olors) of verties of the extended triangulation B of S is
bounded by
E(f0(B)) ≤ 1 + f0(S)
d+ 2
d+ 1
+ f1(S)
2(d− 1)
d(d+ 1)
.
For d ≥ 4 the expeted number E(f0(B)) of verties of B is bounded by the
number of edges of S
E(f0(B)) ≤ f1(S) .
Rather than proving Theorem 2.8 diretly, we will reformulate the prob-
lem as a ounting problem for weighted edges of a graph. We want to estimate
the number of oniting edges arising in the onstrution of Bi from Bi−1
for 1 ≤ i ≤ d − 1. Reall that no oniting edges arise in the onstrution
of Bd, and the oniting edges in B0 will be taken are of later.
Let σ be an ordering of the olors [d + 1], let e ∈ Bi−1 be a oniting
edge, and let u be the end point of e ontained in S. Further let v ∈ Vi
be the new vertex introdued when subdividing e, and let {v, w} ∈ Bi be a
oniting edge resulting from the subdivision of e. Then w is olored σ(i)
and w ∈ lkS(u) ⊂ S, hene there is an edge in S olored {σ(i − 1), σ(i)}
for eah oniting edge in Bi. Conversely, for eah edge e ∈ S olored
{σ(i−1), σ(i)} there is at most one new vertex introdued in the onstrution
of Bi: Let w be the σ(i)-olored vertex of e. Sine w ∈ S = ∂Bi and sine
the interiors of the stars of two oniting edges in Bi are disjoint, w annot
be inident to two oniting edges.
This observation motivates the following assignment of weights to the
edges E(Γ(S)) of the graph Γ(S) of S. Let c(v) ∈ [d+ 1] denote the olor of
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a vertex v ∈ S and let σ be a xed permutation of [d+ 1].
wσ : E(Γ(S))→ {0, 1}
{v, w} 7→
1
if |σ−1(c(v))− σ−1(c(w))| = 1
and (c(v)) 6= σ(d) 6= (c(w))
0 otherwise.
Lemma 2.9. The expeted value E of the sum of all edge weights wσ of Γ(S)
for a permutation σ of [d+ 1] is
E
( ∑
e∈E(GS)
wσ(e)
)
= |E(GS)|
2(d− 1)
d(d+ 1)
.
Proof. The expeted value of
∑
e∈E(GS)
wσ(e) for some ordering σ equals the
average over all orderings
1
(d+ 1)!
∑
σ
∑
e∈E(GS)
wσ(e) =
1
(d+ 1)!
∑
e∈E(GS)
∑
σ
wσ(e) . (2.2)
Note that the two sums are both nite, hene the equality.
For an edge {v, w} ∈ E(GS) we ount all permutations σ suh that
wσ({v, w}) = 1 holds. There are d hoies for σ
−1(c(v)) and another two
for σ−1(c(w)), unless σ−1(c(v)) = 0 or σ−1(c(v)) = d, summing up to
2d − 2 = 2(d − 1) hoies for σ−1(c(v)) and σ−1(c(w)). This xes two of
the d+1 hoies of σ, hene there is a total of 2(d− 1)(d− 1)! permutations
with wσ({v, w}) = 1, and Equation 2.2 yields the desired result
E
( ∑
e∈E(GS)
wσ(e)
)
=
1
(d+ 1)!
∑
e∈E(GS)
2(d− 1)(d− 1)! = |E(GS)|
2(d− 1)
d(d+ 1)
.
Proof of Theorem 2.8. We assume that the (d− 1)-sphere S is olored with
exatly d+ 1 olors sine the expeted number of verties of B dereases for
olorings using less or more than d+1 olors. There is one new vertex inB0 for
the apex and some expeted f0(S)/(d+1) oniting edges arise in the on-
strution of B0 regardless of the ordering σ of the olors. In the onstrution
of the triangulations B we add another expeted 2f1(S) (d− 1)/(d(d+ 1))
oniting edges by Lemma 2.9. This proves the rst statement of Theo-
rem 2.8:
E(f0(B)) ≤ 1 +
f0(S)
d+ 1
+ f1(S)
2(d− 1)
d(d+ 1)
+ f0(S)
= 1 + f0(S)
d+ 2
d+ 1
+ f1(S)
2(d− 1)
d(d+ 1)
.
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Sine S is a (d− 1)-sphere the vertex degree of eah vertex in Γ(S) is at
least d, hene d f0(S) ≤ 2f1(S), and
E(f0(B)) ≤ 1 + f1(S)
2(d+ 2)
d(d+ 1)
+ f1(S)
2(d− 1)
d(d+ 1)
= 1 + f1(S)
4d+ 2
d(d+ 1)
.
We want to bound the right hand side of the equation above by f1(S), whih
is equivalent to
1 ≤ f1(S)
(
1−
4d+ 2
d(d+ 1)
)
. (2.3)
The expression 1− (4d+ 2)/(d(d+ 1)) is positive for all integers d ≥ 4 (and
negative for all positive integers d ≤ 3).
PSfrag replaements
5
10 15 20
0.5
-0.5
-1
-1.5
-2
Reall that f1(S) ≥
(
d+1
2
)
holds (with equality in the ase that S is the
boundary of the d-simplex), thus for d ≥ 4 Equation 2.3 yields
1 ≤ f1(S)
(
1−
4d+ 2
d(d+ 1)
)
≤
(d+ 1)(d)
2
(
1−
4d+ 2
d(d+ 1)
)
=
d(d+ 1)(d2 − 3d− 2)
2d(d+ 1)
=
1
2
(d2 − 3d− 2) .
The equation above holds for d ≥ 4, and hene proves the seond statement
of Theorem 2.8.
Remark 2.10. The seond statement of Theorem 2.8 does not hold for d ≤ 3.
Let S be the boundary of d-simplex, then B is the anti-prismati subdivision
of the d-simplex, where only the d-simplex itself and no low-dimensional faes
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are subdivided, thus f0(B) = 2(d + 1). The number of edges of S is
(
d+1
2
)
and the bound of the rst statement is tight for any ordering σ of the olors:
2(d+ 1) = f0(B) ≤ 1 + (d+ 1)
d+ 2
d+ 1
+
(d+ 1)d
2
·
2(d− 1)
d(d+ 1)
= 2(d+ 1) .
Thus B has six verties for d = 2 and eight verties for d = 3, yet S has
only three, respetively six edges. Nevertheless, beause of f0(S) ≤ f1(S) we
always have the asymptoti behavior E(f0(B)) = O(f1(S)).
2.1.4 Partial Triangulations of Regular CW-Complexes
In this setion Theorem 2.3 is exploited to extend partial triangulations and
olorings of more general spaes. The main eort is dediated to extending
partial triangulations of regular CW-omplexes of dimension at most 4, sine
this tehnique is essential in the onstrution of ombinatorial 4-manifolds
in Chapter 3. Further we investigate how to extend a partial triangulation
along a relative handlebody deomposition of a pair (N,R), that is, given
a triangulation and oloring of R, extend the triangulation and oloring to
eah of the handles of the handlebody deomposition, and subsequently to a
triangulation of N .
Let X be a CW-omplex of dimension d with l-ells {elα}α and losed
ells {C lα}α = {cl(e
l
α)}α. We all a simpliial omplex K
∼= X a triangulation
of X, if K renes the ell struture of X, that is, the (d−1)-skeleton of K is
a triangulation of the CW-omplex Xd−1. A triangulation of a 0-dimensional
CW-omplex is the set of 0-ells.
A subset Y ⊂ {elα}α is alled a subomplex if for eah losed ell C
l
α ∈ Y
all ells in the image of fα : C
l
α → X
l−1
are also in Y . Hene Y is also a CW-
omplex, and Y is regular if X is regular. For example, any l-skeleton X l is
a subomplex of X. We all a triangulation of a subomplex Y ⊂ X a partial
triangulation of X.
Proposition 2.11. Let X be a regular CW-omplex of dimension at most 4,
and let Y ⊂ X be a subomplex. Then any triangulation and k-oloring of Y l
an be extended to a triangulation and max{k, l + 1}-oloring of X l.
Proof. We prove by indution on 1 ≤ i ≤ l that there exists a triangulation
of the i-skeleton X i whih an be olored with max{k, i+1} olors suh that
the triangulation and oloring of X i extend the triangulation and oloring
of Y i. This learly holds for i = 0, and for i = l we get Proposition 2.11.
Let i ≥ 1 and let eiα be an i-ell of X
i
not ontained in Y i. By indu-
tion X i−1 is triangulated and olored using max{k, i + 1} olors, and the
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triangulation of X i−1 extends triangulation and oloring of Y i−1. Sine X is
regular, the image of the attahing map fα : C
i
α → X
i−1
is a (i−1)-sphere in-
dued by the triangulation of X i−1. Sine i ≤ d is at most 4, every simpliial
(i − 1)-sphere is a ombinatorial (i − 1)-sphere. Now Theorem 2.3 extends
triangulation and oloring to the entire i-ball Ciα. Sine the i-balls {C
i
α}α
interset pairwise only in X i−1, extending the triangulation of the bound-
ary of Ciα to its interior for eah i-ell e
i
α yields the desired triangulation
of X i.
Partial triangulation of a relative handlebody deomposition. The
tehnique of extending a triangulation and oloring along a relative han-
dlebody representation will not be applied in the ourse of this exposition.
However, it is a useful tool in onstruting triangulations with ertain olor-
ing properties and is applied in the onstrution of ombinatorial 3-manifolds
by Izmestiev & Joswig [36℄. In the following we generalize this tehnique to
dimension 4.
Proposition 2.12. For d ≤ 4 onsider a relative handle deomposition
|R| = N−1 ⊂ N0 ⊂ · · · ⊂ Nd = N
of the pair (N, |R|) and let R be a triangulation of |R|. Then the trian-
gulation R and a k-oloring of R may be extended to a triangulation and
k-oloring of N .
Proof. Observe that we may have to rene the triangulation of ∂N i−1 when
attahing an i-handle H iα via its attahing map fα : ∂D
i ×Dd−i → ∂Ni−1 in
order to nd a simpliial approximation of fα. In general this an be attained
by anti-prismati subdivision of faes in ∂Ni−1 by Lemma 1.11 and [36, A.1.1℄,
but problems arise if the fae to be subdivided is in ∂R, sine we do not want
to hange the triangulation R. To remedy this inonveniene we extend the
triangulation ∂R to a triangulation of the CW-omplex ∂R × [0, 1] with
prisms over (d− 1)-simplies as d-ells. Now the handles are attahed to the
(possible rened) triangulation ∂R × {1}.
To this end let σ be a non-trivial, yli permutation of the olors of the
oloring of ∂R. The verties in ∂R×{0} are olored as in ∂R and the vertex
olors in ∂R× {1} are permuted aording to σ, dening a k-oloring of the
1-skeleton Γ(∂R × [0, 1]). Proposition 2.11 extends the triangulation and k-
oloring of Γ(∂R× [0, 1]) to ∂R× [0, 1], only we do not subdivide g×{0} for
any faet g ∈ ∂R (it is a simplex after all). Hene we assume the embeddings
{fα}α to be ompatible with the triangulation of ∂Ni−1 from now on.
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The rest of the proof is by indution on the dimension d of N . Note
that attahing a 0-handle is always trivial sine we may use any foldable
triangulation of D
d
, e.g. the d-simplex. Proposition 2.12 holds for d = 0
sine there are only 0-handles to attah: N (and R) is a olletion of disrete
points, and all points in N \R may be olored using the same olor.
Let d ≥ 1, and let H iα be an i-handle attahed to Ni−1 via some embed-
ding fα. Sine the images of the maps {fα}α are pairwise disjoint, we may
onsider eah i-handle in {H iα}α individually. Now f
−1
α indues a triangula-
tion of ∂Di×Dd−i ⊂ ∂H iα, and triangulation and oloring of ∂D
i×Dd−i may
be extended to a k-olored triangulation of ∂H iα along a relative handle de-
omposition of the pair (∂H iα, ∂D
i×Dd−i) by indution. Theorem 2.3 extends
the triangulation and oloring of ∂H iα to H
i
α and ompletes the proof.
Remark 2.13. Propositions 2.11 and 2.12 are not appliable in higher di-
mensions. For example, let H be a triangulation of the Poinaré homology
sphere; see Björner & Lutz [9, 8℄ and [65℄. The double suspension susp2(H)
is homeomorphi to S
5
, yet not a ombinatorial sphere: There are two ver-
ties with susp(H) 6∼= S4 as vertex links. Consider the ell deomposition,
respetively handlebody deomposition of the 6-ball given by the triangula-
tion susp2(H) of S5 plus an additional 6-ell, respetively 6-handle. Now, if
Theorem 2.3 is used when attahing the nal 6-ell, respetively 6-handle,
one an not apply the indutive argument for the two verties with susp(H)
as vertex links.
2.2 The Odd Subomplex
The odd subomplex plays a ruial role in the study and lassiation of the
unfoldings; see Setion 1.2. In a simply onneted, t-nie simpliial omplex
the odd subomplex is the key obstrution to foldability by Theorem 1.5
and the observations about the group of projetivities and foldability at the
beginning of this hapter.
Reall the denition from Chapter 1 of an odd fae: A o-dimension 2-
fae f ∈ K of a loally strongly onneted simpliial omplex K is odd, if
Γ(lk(f)) is not bipartite. The odd subomplex is the olletion of all odd faes
together with their proper faes.
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2.2.1 Presribing the Odd Subomplex
Theorem 1.9 made it lear, that it is essential to ontrol the odd subomplex
if one tries to determine the unfoldings, e.g. in the onstrution of ombina-
torial manifolds as partial unfolding of a triangulation of the sphere. In the
following we present the two tehniques used in Chapter 3. Additionally we
present one negative result onerning the odd subomplex of the boundary.
Proposition 2.14. Let K be a foldable ombinatorial manifold of dimen-
sion d and let F be a o-dimension 1-manifold (possibly with more than one
onneted omponent) embedded in the {i0, i1, . . . , id−1}-skeleton of K. Fur-
ther assume that all faets (and their proper faes) of ∂F not ontained
entirely in ∂K, for short the losure cl(∂F \ ∂K), are embedded in the
{i0, i1, . . . , id−2}-skeleton. Then cl(∂F \ ∂K) an be realized as the odd
subomplex of some simpliial omplex K ′, that arises from K by stellar
subdivision of edges in the {id−1, id}-skeleton. The omplex K
′
is (d + 2)-
olorable by extending the oloring of K, and the odd subomplex lies in the
{i0, i1, . . . , id−2}-skeleton.
Proof. Every (d−1)-simplex in F has exatly one id−1-olored vertex sine F
is foldable. Hene the vertex stars of all id−1-olored verties over F , that is,
F =
⋃
v is id−1-olored
stF (v), (2.4)
and the vertex stars interset in the {i0, i1, . . . , id−2}-skeleton. Further, a
(d − 2)-fae g ∈ F (a ridge in F ) is ontained in an odd number of vertex
stars of id−1-olored verties of F if and only if g ∈ ∂F sine F is an embedded
ombinatorial manifold.
Observe that stellar subdivision of an edge e hanges the parity of lkK(g)
of eah o-dimension 2-fae g ∈ lkK(e) \ ∂K: First, a o-dimension 2-fae
in the boundary of a ombinatorial manifold is never odd. Sine K is a
ombinatorial manifold, the link of any o-dimension 2-fae g 6∈ ∂K is a
triangulation of S
1
. Hene g is odd if and only if lkK(g) has an odd number
of edges. Stellar subdivision of e inreases the number of edges in lkK(g) for
any o-dimension 2-fae g ∈ lkK(e)\∂K by one, and an odd fae will beome
even and vise-versa. The odd subomplex resulting from a series of stellar
subdivisions of edges is the symmetri dierene of the edge links.
Sine K is a ombinatorial manifold the vertex star stK(v) of an id−1-
olored vertex v ∈ F is a d-ball, whih is the join of v with an (i0, i1, . . . , id−2, id)-
olored (d−1)-ball if v ∈ ∂K, and whih is the join with an (i0, i1, . . . , id−2, id)-
olored (d− 1)-sphere otherwise. The vertex star stF (v) divides stK(v) into
two onneted omponents, and we will all these two onneted ompo-
nents of | stK(v)| \ | stF (v)| the two sides of stF (v), mimiking the topologial
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onept of a two-sided manifold (embedded in an orientable spae); see Fig-
ure 2.3 for a 2-dimensional example. The link lkK({v, w}) of an {id−1, id}-
olored edge {v, w} ∈ stK(v) is a (d − 2)-sphere in the {i0, i1, . . . , id−2}-
skeleton of ∂ stK(v). Moreover, the vertex stars of all {id−1, id}-olored edges
{v, w} ∈ stK(v) over lkK(v). Thus if we stellar subdivide all {id−1, id}-edges
in one side of stF (v) we obtain lkF (v) as the odd subomplex.
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Figure 2.3. Vertex star of an 0-olored vertex v ∈ F , on the right after stellar subdivisions
of all {0, 1}-edges in one side of stF (v). The parity of the edges in lkF (v) hanges.
Finally we onstrut the desired odd subomplex cl(∂F \ ∂K) as the
symmetri dierene of vertex links of all id−1-olored verties in F .
The resulting omplex K ′ is (d + 2)-olorable by assigning a new olor
to the verties introdued by stellar subdivision of edges. If an edge e gets
subdivided twie, use the original olors of e to olor the two new verties;
see also Lemma 1.11.
Observe that a projetivity based at σ0 around an odd fae exhanges the
two verties of σ0 olored id−1 and id.
We onlude this setion with a haraterization of some o-dimension
2-manifolds whih by Proposition 2.14 an be realized as an odd subomplex
in the {i0, i1, . . . , id−2}-skeleton.
Lemma 2.15. Let |K| be some geometri realization of a foldable ombina-
torial d-manifold K. An orientable PL (d−1)-manifold F may be embedded
in the {i0, i1, . . . , id−2, d − 1}-skeleton of (a renement of) K with ∂F em-
bedded in the {i0, i1, . . . , id−2}-skeleton if there is an embedding F → |K|.
Note that we require the last olor in the oloring of the embedding of F to
be d− 1.
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Proof. Simpliial approximation of the embedding F → |K| yields an em-
bedding of F in the o-dimension 1-skeleton of some renement K ′ of K.
Let b(K ′) be the baryentri subdivision of K ′ with eah vertex olored by
the dimension of its originating fae. The embedding F → K ′ yields an em-
bedding ıF → b(K ′) of F in the {0, 1, . . . , d− 1}-skeleton of b(K ′), with ∂F
embedded in the {0, 1, . . . , d− 2}-skeleton. Further we have that the vertex
stars of all (d− 1)-olored verties over F ; see Equation (2.4).
It remains to show, how to push F into the desired skeleton. The
{0, 1, . . . , d−2, d−1}-skeleton of b(K ′) diers from the {i0, i1, . . . , id−2, d−1}-
skeleton by one olor c = {0, 1, . . . , d−2}\{i0, i1, . . . , id−2}, that is, replaing c
by d in {0, 1, . . . , d−2, d−1} yields {i0, i1, . . . , id−2, d−1}. For eah (d−1)-
olored vertex v ∈ F hoose one of the two sides of stF (v) onsistent with
the orientation of F . This may be done sine F is orientable. Let v ∈ F be
(d− 1)-olored, let Dv be the hosen side of stF (v), and let Vc denote the set
of all c-olored verties in lkF (v); see Figure 2.3. Now we obtain the desired
embedding ı′ : F → b(K ′) by replaing stF (v) with
⋃
w∈Vc
v ∗ (lkb(K ′)({v, w}) ∩Dv) ∼= D
d−1 .
Here it is important that the triangulation of b(K ′) may have to be rened
further. The map ı′ : F → b(K ′) is an embedding of F sine we replae
(d − 1)-balls by (d − 1)-balls, and two (d − 1)-balls in ı′(F ) interset as
in ı(F ) due to the onsistent hoie of the sides of stF (v).
The odd subomplex of the boundary. LetM be a ombinatorial man-
ifold. In general, neither odd(∂M) ⊂Modd∩∂M norModd∩∂M ⊂ odd(∂M)
holds: Consider a triangulation S of Sd obtained from a foldable simpliial
omplex by Proposition 2.14. Then Sodd is non-empty, and S is (d + 2)-
olorable. Applying Theorem 2.3 yields a (d + 2)-olorable (foldable) trian-
gulation B of Dd+1 (thus with an empty odd subomplex), yet odd(∂B) =
Sodd 6= ∅. Conversely, let B be a foldable triangulation of D
d
, and stellar
subdivide an edge e 6∈ ∂B with lk(e) ∩ ∂B 6= ∅. Let B′ be the resulting
simpliial omplex. Then B′odd ∩ ∂B
′
is non empty, yet odd(∂B′) = ∅.
However, in the ase when M is the one over a triangulation of the
sphere, the following Lemma 2.16 proves that the odd subomplex of the
boundary equals the odd subomplex interseted with the boundary.
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Lemma 2.16. The odd subomplex of cone(K) of a simpliial omplex K
equals cone(Kodd).
Proof. For a fae a ∗ f of cone(K) = a ∗K we have
lka∗K(a ∗ f) = lkK(f) .
2.2.2 Coloring and the Group of Projetivities
There are several onnetions between the group of projetivities Π(K) of
a strongly onneted simpliial d-omplex K, the hromati number of its
graph Γ(K), and its odd subomplex Kodd. If Γ(K) is (d + 1)-olorable,
that is, if K is foldable, then Π(K) is trivial. The onverse is not true in
general, but holds if K is loally strongly onneted. If additionally, K is
t-nie then the redued group of projetivities Π0(K) is trivial if and only
if the odd subomplex is empty; see Lemma 1.4 and Theorem 1.5. If K is
simply onneted then Π(K) = Π0(K), and Π(K) is trivial if and only if the
odd subomplex is empty.
Thus for a simply onneted, t-nie simpliial omplex K the properties
Kodd = ∅, Π(K) is trivial, and K is foldable are equivalent. Unfortu-
nately this equivalene does not arry through to a weaker notion of foldabil-
ity in the following sense: Does Π(K) ∼= Σ2 yield a bound for the hromati
number of the graph Γ(K)? Conversely, does (d + 2)-olorability imply any
non trivial restritions on Π(K)?
The answer to both of these questions is negative. Let C be a foldable
ombinatorial d-sphere, and hoose for k ≤ d a set of edges {ei}1≤i≤k with ei
in the {0, i}-skeleton. If the stars of the edges {ei}1≤i≤k are pairwise dis-
joint, then stellarly subdividing the edges {ei}1≤i≤k yields a (d+2)-olorable
omplex with Π(K) ∼= Σk; see Proposition 2.14. This answers the seond
question. The rst question is answered by the following Proposition 2.17
and Example 2.20.
Proposition 2.17. Let K be a t-nie simpliial omplex of dimension d ≥ 2.
Then stellar subdivision of all faes of dimension d, d−1, . . . , 2 yields a t-nie
simpliial omplex K ′ with Π0(K
′) ∼= Σ2, and Γ(K) is a subgraph of Γ(K
′)
indued by the verties originating from the verties of K. The odd sub-
omplex is the union of all o-dimension 2-faes whih orrespond to partial
ags of K starting with a triangle, that is, the odd subomplex indued by
all new verties.
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Stellar subdivision of all faes exept the edges is alled the generalized
baryentri subdivision by Munkres [50, p. 90℄ with 0 assigned to all edges
and 1 to all other positive-dimensional simplies.
Corollary 2.18. The odd subomplex of K ′ is homotopy equivalent to a
graph GK with a node for eah faet of K, and an edge if two faets share a
triangle. If K is 3-dimensional then GK is the dual graph Γ
∗(K), and K ′odd is
homeomorphi to Γ∗(K). In the ase that K is a losed pseudo 3-manifold,
the odd subomplex of K ′ is the baryentri subdivision of the dual graph
of K.
Proof of Proposition 2.17. Let b(K) be the baryentri subdivision of K.
The baryentri subdivision b(K) is foldable, and we olor eah vertex by
the dimension of the fae it originated from. Stellarly subdividing an edge e
twie equals the anti-prismati subdivision of e, hene K ′ is olor equivalent
to the omplex obtained from b(K) as follows: For eah vertex v ∈ b(K)
olored 2 we stellarly subdivide one of the two inident edges in the {0, 1}-
skeleton. In other words, for eah edge in K one of the two orresponding
edges in b(K) is stellarly subdivided. Thus the odd subomplex of K ′ equals
the union of the links of all edges in the {0, 1}-skeleton of b(K), that is, the
odd subomplex of K ′ equals the {2, 3, . . . , d}-skeleton of b(K).
The redued group of projetivities Π0(K
′) is non trivial sine the odd
subomplex of K ′ is non-empty. It remains to show that there are d− 1
trivial orbits, hene Π0(K
′) is generated by a single transposition. To this
end olor eah new vertex of K ′ by the dimension of the fae it originated
from. These olors mark the d−1 trivial orbits, sine eah faet ofK ′ ontains
exatly one vertex olored c for eah olor c ∈ {2, 3, . . . , d} by onstrution
of K ′.
Example 2.19. The group of projetivities of a 1-dimensional simpliial
omplex is either trivial or isomorphi to Σ2. Hene d = 2 is the rst in-
teresting ase where to searh for a ombinatorial d-sphere with a group of
projetivities isomorphi to Σ2, whih is not (d + 2)-olorable. An exam-
ple for d ≥ 3 is given in Example 2.20. In the ase d = 2, any 2-sphere
has a planar graph, thus it is 4-olorable; see [57℄. Yet if we allow other
2-manifolds than spheres, we may hoose Möbius torus as our omplex K.
The graph of Möbius' torus is the omplete graph on seven nodes, thus K ′
is not 4-olorable; see Figure 2.4. (In fat, the hromati number of Γ(K ′)
is 7.)
Example 2.20. Let K be the boundary omplex of a 2-neighborly simpliial
(d + 1)-polytope on n ≥ d + 2 verties, hene Γ(K) is the omplete graph
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Figure 2.4. Subdivision of Möbius torus with a group of projetivities isomorphi to Σ2,
and a graph with hromati number 7. The new verties orrespond to the trivial orbit
of the group of projetivities.
on n nodes. For example, the yli (d + 1)-polytope on n ≥ d + 2 verties
is in partiular 2-neighborly for d ≥ 3. Then K ′ is a ombinatorial d-sphere
(it is even regular) with Π(K ′) ∼= Σ2, and the hromati number of Γ(K
′)
is at least n sine it ontains the omplete graph on n nodes as a (indued)
subgraph.
Chapter 3
Construting Combinatorial
4-Manifolds
Manifolds of dimension four have been studied widely. Most prominently
Simon Donaldson and Mihael H. Freedman essentially lassied all ompat
and simply-onneted 4-manifolds, winning them the Fields Medal [26℄. Pier-
gallini [54℄ shows how to obtain any losed oriented PL 4-manifold as a 4-fold
branhed over of the 4-sphere branhed over an immersed PL surfae with
a nite number of node and usp singularities. Prior to Piergallini's work
Montesinos [47℄ gave a desription of oriented 4-manifolds omposed of 0-, 1-,
and 2-handles only as a branhed over of the 4-ball. Montesinos' result is
essential for Piergallini's onstrution of losed oriented PL 4-manifolds as
branhed overs. These two onstrutions are the blue print for the main
result of this hapter, the onstrution of losed oriented ombinatorial 4-
manifolds obtained as unfoldings of ombinatorial 4-spheres, and they are
reviewed in Setion 3.1. This provides the topologial view of the situa-
tion.
Piergallini [54℄ and later Iori & Piergallini [33℄ improved the results on the
onstrution of losed oriented PL 4-manifolds further. First Piergallini [54℄
eliminated the usp singularities of the branhing set. This yields a branhed
over with a transversally immersed PL surfae as its branhing set. Iori &
Piergallini [33℄ then proved that the branhing set may be realized loally
at if one allows for a fth sheet for the branhed over, thus proving a long-
standing onjeture by Montesinos [47℄. The question whether any losed
oriented PL 4-manifold an be obtained as 4-fold over of S
4
branhed over
a loally at PL-surfae is still open. Although these later developments
ertainly ask for a ombinatorial equivalent, we will not investigate these
here, nor make use of these observations, sine we are primarily interested in
the onstrution of losed oriented ombinatorial 4-manifolds.
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In the ase of 3-dimensional manifolds Hilden [29℄ and Montesinos [45℄
show independently that any losed oriented 3-manifold is a 3-fold branhed
over of the 3-sphere. On the other hand, any 3-manifoldM3 may be triangu-
lated, that is, there is a (abstrat) simpliial omplex homeomorphi to M3;
see E. E. Moise [44℄. Izmestiev & Joswig [36℄ show how to obtain any losed
oriented 3-manifold as the partial unfolding of a ombinatorial 3-sphere S3
and desribed how to onstrut the triangulation S3. Their result provides
a ombinatorial version of the work of Hilden and Montesinos sine the par-
tial unfolding is a (simpliial) branhed over of S3, and gives an expliit
onstrution of a triangulation for a given losed oriented 3-manifold.
Returning to the ase of 4-dimensional manifolds, it is natural to ask
whether any losed oriented PL 4-manifolds may similarly be onstruted
as partial unfoldings of triangulated 4-spheres. In Setion 3.2 we prove that
this is indeed possible: For any given losed oriented PL 4-manifoldM4 there
is a triangulated 4-sphere S suh that one of the onneted omponents of
the partial unfolding Ŝ is PL-homeomorphi to M . For simpliity, we will
refer to the onneted omponent of Ŝ PL-homeomorphi toM as the partial
unfolding. We proeed by giving an expliit onstrution of the triangulated
4-sphere S with Ŝ ∼= M .
In ontrast to the 3-dimensional ase we restrit our attention to losed
oriented PL 4-manifolds, sine there are 4-manifolds whih an not be trian-
gulated; see [42, p. 9℄. Again, as previously shown by Izmestiev & Joswig [36℄
for losed oriented 3-manifolds, Theorem 3.12 is a ombinatorial version of
the result of Piergallini in the sense that we give a ombinatorial desription
of the branhed over p : M → S4 for any losed oriented PL 4-manifold M .
In Setion 3.3 we return to the 3-dimensional ase. Essentially the prob-
lem of how to obtain a given losed oriented 3-manifold M3 as the par-
tial unfolding of a ombinatorial 3-sphere S3 is answered by Izmestiev &
Joswig [36℄ as mentioned above. We revisit this problem and apply the
tehniques learned from the onstrution of losed oriented PL 4-manifolds
to the onstrution of the ombinatorial 3-sphere S3 with Ŝ3 ∼= M3. This
approah diers from the one desribed in [36℄, as starting with any ombi-
natorial 3-sphere it uses only stellar subdivision of faes, and the operation
of twisting, whih will be explained later. In this sense this new approah
is a simpliation of the onstrution by Izmestiev & Joswig [36℄.
The onstrutions presented in this hapter are at times tehnially in-
volved, and we try to learly separate the ideas from the nitty gritty details of
the onstrution, leaving it to the reader to whih extent he exposes himself
to the tehnialities. Of ourse, it is a question of personal taste where to
draw the line between ideas and tehnialities, and we use our own dis-
retion. Nevertheless, we hope the reader nds this struturing of the text
helpful in navigating through the sometimes lengthy proofs.
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3.1 4-Manifolds as Branhed Covers
The main result of this hapter, the onstrution of a ombinatorial 4-
sphere S suh that the partial unfolding Ŝ of S is PL-homeomorphi to
a given losed oriented PL 4-manifold M , is developed in Setion 3.2. Prior
to giving a ombinatorial onstrution of M , we will review the topologi-
al situation. The following onstrution of a losed oriented PL 4-manifold
as a branhed over of S
4
is due to Piergallini [54℄ and earlier results by
Montesinos [47, 48℄.
Let M be a losed oriented PL 4-manifold, and following Example 2.2 let
M = H0 ∪ λH1 ∪ µH2 ∪H3 ∪ γH4
be a handle representation of M . With MA = H
0 ∪ λH1 ∪ µH2, and MB =
H0 ∪ γH1 by duality, we obtain M as the union MA ∪h MB, where h is
the attahing map. That is, we paste MA and MB together along their
ommon boundary γ ♯ S1 × S2, the onneted sum of γ opies of S1 × S2.
In fat, Montesinos [46℄ proved that H0 ∪ λH1 ∪ µH2 already topologially
determines M . Therefore any attahing map h identifying the boundaries
of MA and MB yields the same manifold.
Cobordism and a trivial sheet. Let W 3 be a 3-manifold. Following
Montesinos [48℄, we all two given branhed overings p1, p2 : W
3 → S3
branhed over links L1 and L2, respetively, obordant if there exists a
branhed overing p : W 3×[0, 1]→ S3×[0, 1] whih is equal to p1 inW 3×{0},
and equal to p1 inW
3×{1}, and is branhed over an immersed PL 2-manifold
with a boundary equal to the disjoint union L1 ∪ L2. The branhed over p
is alled a obordism.
A (surprisingly) useful tehnique is to attah a trivial sheet. Given a k-
fold branhed over p
D
d : X → Dd (with sheets numbered 0, 1, . . . , k − 1),
respetively p
S
d : X → Sd, of a d-manifold over Dd or Sd, we want to add
another sheet without hanging the topology of the overing spae X. In
the ase of p
D
d we add a (d − 2)-ball D to the branhing set of p
D
d suh
that D ∩ ∂Dd = ∂D, and let a meridial loop around D orrespond to the
transposition (1, k). The overing spae X ′ of the branhed over obtained
this way is the union of X and a d-ball attahed to ∂X along a (d− 1)-ball,
thus X ′ ∼= X.
In the ase of p
S
d we add a (d− 2)-sphere S to the branhing set. Again
let a meridial loop around S orrespond to the transposition (1, k). The
overing spae X ′ of the branhed over obtained this way is the diret sum
of X and a d-sphere, thus X ′ ∼= X.
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Constrution of the branhed over. The onstrution of the branhed
over p
M
: M → S4 proeeds in two steps. As desribed above we have
M = MA ∪MB with MA = H
0 ∪ λH1 ∪ µH2, and MB = H
0 ∪ γH1. In the
rst step we will onstrut the 4-manifolds MA and MB as 3-fold branhed
overs p
A
and p
B
of the 4-ball D
4
. Sine MB = H
0 ∪ γH1 is of the form
H0 ∪ λH1 ∪ µH2 it sues to show how to onstrut MA.
Although ∂MA = ∂MB holds, the branhing sets of pA and pB restrited to
the ommon boundary γ ♯ S1×S2 ofMA andMB may not be equivalent, and
MA ∪IdMB is not the overing spae of a branhed overing pM : M → S
4
in
general. Hene in the seond step we onstrut a obordism between p
A
|∂MA
and p
B
|∂MB , that is, a branhed over pH : H → S
3 × [0, 1] with overing
spae H ∼= (γ ♯ S1 × S2)× [0, 1] whih satises
p
H
|(γ ♯ S1×S2)×{0}= pA|∂MA and pH|(γ ♯ S1×S2)×{1}= pB|∂MB . (3.1)
The obordism p
H
is branhed over an immersed PL 2-manifold with a bound-
ary equal to the disjoint union of the branhing sets of p
A
|∂MA and pB |∂MB .
The boundary of the overing spae H is homeomorphi to two disjoint opies
of γ ♯ S1×S2, and we have M ∼= MA ∪IdH ∪IdMB. Note that pH is a 4-fold
over in general and we must add a fourth, trivial sheet to p
A
and p
B
.
The existene of suh a obordism, and hene the representation of M
as a branhed over of S
4
, was rst observed by Piergallini [54℄. One an
imagine this situation as shrinking the two 4-manifolds MA and MB and
lling the spae obtained by the shrinkage with the 4-manifold H . The
following diagram illustrates this approah.
M
p
M

∼= MA
p
A

∪ H
p
H

∪ MB
p
B

S
4 ∼=
D
4 ∪ S3 × [0, 1] ∪
D
4
Finally the losed oriented PL 4-manifold M is obtained by the 4-fold
branhed over
p
M
: M ∼= MA ∪H ∪MB → D
4 ∪ S3 × [0, 1] ∪ D4 ∼= S4
x 7→

p
A
(x) if x ∈MA
p
H
(x) if x ∈ H
p
B
(x) if x ∈MB.
The overing map p
M
is well dened sine the overing maps p
A
and p
H
oinide onMA∩MH , and the overing maps pB and pH oinide onMH∩MB
by the onstrution of the obordism p
H
.
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Constrution of MA. In the following we will sketh a onstrution of
p
A
: MA → D
4
as a 3-fold branhed over branhed over a ribbon manifold.
This onstrution is due to Montesinos, and we omit the proofs; refer to [47℄
for further details.
First, onsider the 4-manifoldW = H0∪λH1 ∼= λ ♯ S1×D3 whih onsists
of a single 4-ball and 1-handles only. It arises as the standard branhed over
p
W
: W → D4 branhed along λ + 2 unlinked and unknotted opies of D2.
We give a sketh of an expliit onstrution of p
W
.
Let u : R4 → R4 be the reetion on the hyperplane given by x1 = 0,
that is, u maps (x1, x2, x3, x4) to (−x1, x2, x3, x4). The overing spae W is
obtained from [−1, 1]3× [−1, 2] by the following identiations on its bound-
ary. Consider the subset A of [−1, 1]3 onsisting of 2λ disjoint retangles
given by
A =
λ⋃
i=1
{
(x1, x2, x3) ∈ [−1, 1]
3
∣∣∣∣x3 = 1 and x1 ∈ ± [ 2i− 12λ+ 1 , 2i2λ+ 1
]}
.
Now identify a point x ∈ [−1, 1]3 × [−1, 2] with its image u(x) if x lies in
the top or bottom faet, that is, if x4 = −1 or x4 = 2, or if (x1, x2, x3) ∈ A
and x4 ∈ [−
1
2
, 1
2
]∪ [3
2
, 2]. If R denotes the equivalene relation given by these
identiations, we have ([−1, 1]3 × [−1, 2])/R ∼= W .
Similarly we obtain the base spae of p
W
from [−1, 1]3×[0, 1] by identifying
a point x ∈ [−1, 1]3× [0, 1] with its image u(x) if x lies in the top or bottom
faet, that is, if x4 = 0 or x4 = 1, or if (x1, x2, x3) ∈ A and x4 ∈ [0,
1
2
].
Hene we have ([−1, 1]3 × [0, 1])/R′ ∼= D4 , where R′ is the equivalene
relation given by the identiations desribed above. Figure 3.1 illustrates
the 3-dimensional ase.
Now we are ready to dene the overing map p
W
. For simpliity we iden-
tify W and D4 with ([−1, 1]3× [−1, 2])/R, respetively ([−1, 1]3× [0, 1])/R′,
and let [x] denote the equivalene lass of x in the quotient spaesW andD4,
respetively.
p
W
: W → D4
[(x1, x2, x3, x4)] 7→

[(−x1, x2, x3,−x4)] if − 1 ≤ x4 ≤ 0
[(−x1, x2, x3, x4)] if 0 < x4 ≤ 1
[(−x1, x2, x3, 2− x4)] if 1 < x4 ≤ 2 ,
The overing map p
W
is well dened sine it is ompatible with R and R′,
and p
W
is a branhed over. Note that the third sheet ([−1, 1]3 × [1, 2])/R
is homeomorphi to D
4
and does not ontribute to the onstrution of the
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Figure 3.1. W = H0∪2H1 as 3-fold branhed over of D4, illustrated by the 3-dimensional
ase (with oordinate diretions x1, x3, and x4). The areas A × ([−1/2, 1/2] ∪ [3/2, 2]),
respetively A× [0, 1/2] are shaded, and the arrows on the edges indiate the orientations
of the image of an edge under p
W
.
1-handles; it is trivial so far. Yet it will be needed in the proess of attahing
the 2-handles.
We will distinguish the onneted omponents of the branhing set of p
W
as follows. The branhing set onsists of λ + 1 pairwise disjoint unknotted
2-balls {Pi}0≤i≤λ, and a single unknotted 2-ball Q disjoint to any of the Pi.
We denote the λ+ 1 disjoint unknotted 2-balls by P, and they are given by
P = P0 ∪ P1 ∪ · · · ∪ Pλ = ({0} × [−1, 1]
2 × {0}) ∪ ((A/R′)× {0}) .
The single unknotted 2-ball Q is given by
Q = {0} × [−1, 1]2 × {1} .
The 2- balls P∪Q interset the boundary ofD4 in a system of λ+2 unknotted
and unlinked 1-spheres.
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The preimage of a meridian m ⊂ D4 \ (P ∪Q) passing around any P ∈ P
lies in the rst and seond sheet of p
W
, that is, p−1
W
(m) is ontained in
([−1, 1]3 × [−1, 1])/R. On the other hand, if a meridian m′ ⊂ D4 \ (P ∪ Q)
passes around Q we have p−1
W
(m′) ⊂ ([−1, 1]3 × [0, 2])/R, and the preimage
of m′ lies in the seond and third sheet of p
W
. Therefore m and m′ orre-
spond to the generators of the monodromy group Mp
W
∼= Σ3 of pW , where Σk
denotes the symmetri group on k elements. In the following we label the the
sheets 0, 1, and 2, and assume m and m′ to orrespond to the transpositions
(0, 1) ∈ Σ3 and (0, 2) ∈ Σ3, respetively.
Attahing 2-handles. A 2-handle H2 ∼= D4 is attahed toW = H0∪λH1
along a solid 3-torus S
1 × D2 in the boundary of H2. To be more preise,
a solid 3-torus S
1 × D2 ⊂ ∂H2 is embedded into the boundary ∂W of W
via the attahing map h : S1 ×D2 → ∂W , that is, h is an homeomorphism
if restrited to its image. The attahing map h is determined by the image
of the meridian S
1 × {0} ⊂ S1 × D2, a knot K in ∂W . Using isotopy
the knot K may be plaed in ∂W suh that its image A = p
W
(K) ⊂ ∂D4
under p
W
is an ar whih intersets the branhing set P ∪Q of p
W
as follows:
The ar A intersets the λ + 1 onneted omponents P in its end points
only and does not interset Q at all. Conversely, the preimage p−1
W
(A) of A is
the knot K and a disjoint ar A′. The restrition p
W
|K is a 2-fold branhed
over of A, and p
W
|A′ is a homeomorphism orresponding to the third, trivial
sheet of p
W
.
In order to represent W ∪h H
2
as a 3-fold branhed over p
W∪H2
of D
4
,
we attah another 4-ball D to D4 along the 3-dimensional neighborhood
p
W
◦ h(S1 × D2) of A ⊂ ∂D4. This neighborhood of A is homeomorphi
to D
3
if the domain S
1×D2 ⊂ ∂H2 of h is hosen suiently small, and the
resulting base spae remains homeomorphi to D
4
. The preimage of D under
any 3-fold over p with p |W = pW is a olletion of three opies of D, two of
whih form the 2-handle H2 attahed to W via h. The third opy D′ ∼= D4
is attahed toW via an attahing map h′ along a 3-dimensional neighborhood
of A′, that is, we attah D′ to W along a 3-ball, and attahing D′ does not
alter the homeomorphi type ofW ∪hH
2
. To be a little more expliit: Rather
then attahing the 2-handle H2 via h we attah the disjoint union H2 ·∪D′
via the attahing map
h ·∪h′ : H2 ·∪D′ ⊃ (S1 ×D2) ·∪D3 → W : x 7→
{
h(x) if x ∈ H2
h′(x) if x ∈ D′ .
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Sine p
W
|K ·∪A′ is a 3-fold branhed over of A, also the map
p
W
◦ (h ·∪h′) : (S1 ×D2) ·∪D3 → D4 ∩D ∼= D3
is a 3-fold branhed over, whih may be extended to a 3-fold branhed over
p′ : H2 ·∪D′ → D. Finally we are ready to dene p
W∪H2
as
p
W∪H2
: W ∪h ·∪h′ (H
2 ·∪D′)→ D4 ∪D : [x] 7→
{
[p
W
(x)] if x ∈W
[p′(x)] if x ∈ H2 ·∪D′ .
The branhed over p
W∪H2
is well dened, sine p
W
and p′ oinide on W ∩
(H2 ∪D′) due to the onstrution of p′.
The resulting branhing set is the union of the branhing set of pW , the
2-balls P ∪Q, and a 2-ball A ⊃ A attahed to P along two ars a and a′ in
the boundary of P, a ribbon manifold ; see Figure 3.2. The two ars a and a′
are neighborhoods in ∂P of the two endpoints A ∩ P of A. Note that p
W∪H2
in general is a proper 3-fold branhed over (the third sheet is non-trivial),
sine although A does not interset Q, it might weave around Q (and in
fat also around any P ∈ P).
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Figure 3.2. Immersion of a ribbon manifold with two ribbons A1 and A2. Additionally the
ar A1 ⊂ A1 is pitured.
Fix a set of meridial loops as generators of π1(D
4 \ (P ∪Q), y0), that is,
hoose one meridial loop around eah of the 2-balls in P, and one meridial
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loop around Q. Let P, P ′ ∈ P with a ⊂ P and a′ ⊂ P ′, and let β, β ′ ∈
π1(D
4 \ (P ∪ Q), y0) be the generators orresponding to the meridial loops
around P and P ′, respetively. Then adding the ribbon A to the branhing
set introdues a new relation to the fundamental group, that is, the group
π1(D
4 \ (P ∪Q ∪A), y0) diers from π1(D
4 \ (P ∪Q), y0) by the relation
βα = β ′ , (3.2)
where the element α ∈ π1(D
4 \ (P ∪Q), y0) orresponds to the way A weaves
around P ∪Q.
We summarize the onstrution above by the following Theorem 3.1 due
to Montesinos [45℄. Note the (non-trivial) fat that the 2-handles {H2i }1≤i≤µ
may be attahed independently to MA = H
0 ∪ λH1.
Theorem 3.1. (Montesinos [47, Theorem 6℄). Eah 4-manifold MA = H
0 ∪
λH1∪µH2 is a 3-fold branhed over of D4, the branhing set being a ribbon
manifold.
Constrution of H. The onstrution of the obordism p
H
: H → S3 ×
[0, 1] is rather straight forward one we have established its existene, whih
is provided by the Theorems 3.2 and 3.3. Note that the branhed over p
H
:
H → S3 × [0, 1] is already dened on the boundary of H by the restritions
given in Equation (3.1). The boundary of H is the disjoint union of two
opies of the 3-manifold γ ♯ S1×S2, and the branhing sets of the restritions
p
A
|∂MA and pB |∂MB are two links LA and LB, respetively.
In general, any 3-manifold W 3 arises as a simple 3-fold branhed over
of S
3
branhed over a link L, and the monodromy group M of the branhed
over is isomorphi to a subgroup of Σ3 (generated by transpositions); see [29,
45℄. Consider a generi projetion of L to the plane with marked over and
under rossings. Suh a projetion is alled a diagram of L, and we all a
strand whih is not rossed by other strands of the diagram a bridge. Fix a set
of meridial loops around the bridges of the diagram as generators of π1(S
3\L),
and we identify the meridians around the bridges with transpositions in M
via the monodromy homomorphism m : π1(S
3 \ L) → M. Hene we an
think of L as a olored link : A bridge b of the diagram is olored (i, j) if the
meridian around b orresponds to the transposition (i, j) ∈ Σ3. Further we
dene the moves C± and N± on a olored link as in Figure 3.3.
Theorem 3.2. (Montesinos [48, p. 345℄). Let p1, p2 : W
3 → S3 be 4-fold
branhed overs (oming from 3-fold overs by the addition of a trivial sheet)
suh that it is possible to pass from the branhing set L1 of p1 to the branhing
set L2 of p2 by a sequene of moves C
±
andN±. Then p1 and p2 are obordant
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Figure 3.3. The moves C± and N±.
and the branhing set of the obordism is an embedded PL 2-manifold with
a usp singularity (a one over the trefoil) for eah C±-move and a node
singularity (a one over the Hopf link) for eah N±-move; see Figure 3.4.
To understand the main idea of the proof it sues to look at two
branhed overs p1, p2 : W
3 → S3 suh that their branhing sets L1 and L2
dier by exatly one C±- or N±-move m. Let U ⊂ S3 be a losed neigh-
borhood of the move m, that is, L1 \ U ⊂ S
3 \ U and L2 \ U ⊂ S
3 \ U are
equivalent, and replaing L1 ∩ U by L2 ∩ U is the move m. The branhing
set in (S3 \U)× [0, 1] is (L1 \U)× [0, 1] ∼= (L2 \U)× [0, 1]. If m is a C
±
-move
then the intersetion of the branhing set (L1 \U)× [0, 1] with the boundary
of U× [0, 1] is the trefoil, otherwise the intersetion is the Hopf link. In order
to omplete the base spae of our obordism, we replae U× [0, 1] by a 4-ball
with a one over the trefoil or the Hopf link, respetively, as a branhing
set.
Theorem 3.2 together with the following Theorem 3.3 establish the exis-
tene of the obordism p
H
, and ompletes the onstrution of the branhed
over p
M
: M → S4. As observed by Montesinos [48℄, Theorem 3.4 then
follows immediately.
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Figure 3.4. A usp and a node singularity.
Theorem 3.3. (Piergallini [54, Theorem A℄). Any two branhing sets of 4-
fold branhed overs p1, p2 : W
3 → S3 obtained from 3-fold branhed overs
by adding a fourth, trivial sheet, whih represent the same 3-manifold W 3,
are related by a nite sequene of moves C± and N±.
The proof extends over two papers by Piergallini. In [52℄ the number
of dierent moves needed to relate any two suh branhing sets via a nite
sequene of moves is brought down to four. Then in [54℄ eah of these four
moves is realized by a nite sequene of C±- and N±-moves, and the usage
of a fourth, trivial sheet, thus establishing Theorem 3.3.
Theorem 3.4. Every losed oriented PL 4-manifold is a simple 4-fold branhed
over of S
4
branhed over a immersed PL surfae with a nite number of usp
and node singularities.
3.2 4-Manifolds as Partial Unfoldings
LetM be a losed oriented PL 4-manifold, and let p
M
: M → S4 be the 4-fold
branhed over with branhing set F desribed in Setion 3.1. Hene F is
an immersed PL surfae with a nite number of usp and node singularities
by Theorem 3.4. In Theorem 3.12 we onstrut a triangulation S of S4 suh
that the branhed over given by the natural projetion of the partial un-
folding p
S
: Ŝ → S is equivalent to p
M
. In partiular, Ŝ is PL-homeomorphi
to M . Reall that we refer to the (unique non-trivial) onneted omponent
of the partial unfolding PL-homeomorphi to M as the partial unfolding.
We outline the onstrution of S. The branhed over p
M
is haraterized
by F and the monodromy isomorphism mpM : π1(S
4\F, y0)→ Sym(p
−1(y0)),
where y0 is a point in S
4 \ F ; see Setion 1.1.1 and Theorem 1.3. Therefore
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we onstrut S suh that there is a homeomorphism of pairs ϕ : (S4, F ) →
(|S|, |Sodd|), hene in partiular ϕ(F ) = |Sodd|, and ϕ indues a group iso-
morphism ϕ∗ : π1(S
4 \ F, y0) → π1(|S| \ |Sodd|, ϕ(y0)). Further, assume that
ϕ(y0) is the baryenter of some faet σ0 ∈ S. We onstrut S suh that the
following Diagram (3.3) ommutes for some bijetion ι : p−1
M
(y0) → V (σ0)
and the indued group isomorphism ι∗ : Mp
M
→ Π(S, σ0).
π1(S
4 \ F, y0)
ϕ∗
//
mp
M

π1(|S| \ |Sodd|, ϕ(y0))
hS

Mp
M
ι∗ // Π(S, σ0)
(3.3)
This establishes Theorem 3.12, sine the (partial) unfolding of a t-nie
simpliial omplex is a branhed over by Corollary 1.8, and sine ϕ(F ) = |Sodd|
and ommutativity of Diagram (3.3) ensures that p
S
and p
M
are indeed equiv-
alent by Theorem 1.9. The PL-properties follow one we proved S to be a
ombinatorial manifold. The following Diagram illustrates the proof of The-
orem 3.12.
M
p
M

Ŝ
p
S

(S4, F )
ϕ
// (|S|, |Sodd|)
The onstrution of S follows losely the onstrution of the branhed
over p
M
: M = MA ∪ H ∪ MB → D
4 ∪ (S3 × [0, 1]) ∪ D4 reviewed in
Setion 3.1: First the ombinatorial 4-balls DA and DB are onstruted suh
that D̂A ∼= MA and D̂B ∼= MB, respetively. The resulting omplex T1 is the
disjoint union of DA and DB, and |T1| ⊂ S
4
. For eah C±- and N±-move m
needed to relate the odd subomplexes of ∂DA and ∂DB we then attah
a 4-ball Dm to DA suh that the partial unfolding of DA ∪
⋃
mDm is PL-
homeomorphi to MA ∪ H . We refer to the simpliial omplex onstruted
as T2, and we have T1 ⊂ T2 and |T2| ⊂ S
4
. In a last step we triangulate the
remaining spae S
4 \ |T2| ∼= S
3 × [0, 1], attahing DB to DA ∪
⋃
mDm. This
yields T3 = S. In eah step T1, T2, and T3 of the onstrution of S we have
to ensure
(1) that ϕ(F ) ∪ |Ti| = | odd(Ti)|, and
(2) that Diagram (3.3) restrited to Ti ommutes.
(3.4)
Note that eah of the omplexes Ti has to be t-nie for hTi to be well
dened. Finally we may assume Ti to be a suiently ne triangulation. A
ne triangulation may be obtained by anti-prismati subdivision of faes at
any stage of the onstrution by Proposition 1.12.
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Constrution of T1 = DA ·∪DB. We begin with onstruting a triangula-
tion DW of the base spae of the branhed over pW : W = H
0 ∪ λH1 → D4,
that is, D̂W ∼= W . Then we modify odd(DW ) by adding the branhing set
whih produes the µ 2-handles in order to onstrut a triangulation DA of
the base spae of p
A
: MA = H
0 ∪ λH1 ∪ µH2 → D4, that is D̂A ∼= MA. To
this end let C be a suiently ne triangulated foldable ombinatorial 4-ball
obtained via the iterated baryentri subdivision of a 4-simplex. Sine C
arises as a baryentri subdivision there is a natural 5-oloring of the ver-
ties of C by oloring eah vertex v ∈ C by the dimension of the original
fae subdivided by v. Therefore ∂C lies in the {0, 1, 2, 3}-skeleton, and ver-
ties olored 4 appear only in the interior of C. The triangulation DW of D
4
(and later the triangulation DA) is obtained from C by a series of stellar
subdivisions of edges. To ut down on notation we keep referring to our
omplex by C throughout all stages of the onstrution, and C is 6-olorable
assigning a new olor to all new verties while preserving the original oloring
otherwise; see Proposition 2.14.
In order to speify the isomorphism ι∗ : Mp
M
→ Π(S, σ0) in Equa-
tion (3.3) x a faet σ0 ∈ C and let ι map the element xi ∈ p
−1(y0) ontained
in the i-th sheet of p
M
to the vertex of σ0 olored j ∈ {0, . . . , 4} via the per-
mutation (
0 1 2 3 4
3 1 2 4 0
)
We will keep σ0 xed throughout the onstrution of S. Although the hoie
for ι may seem arbitrary, it turns out to be useful when applying Lemma 2.15
in the onstrution of DW .
Reall that subdividing an edge e in the {i, j}-skeleton yields lk(e) as the
odd subomplex in the omplementary skeleton, that is, in the ({0, . . . , 4} \
{i, j})-skeleton; see Proposition 2.14. A projetivity around a triangle in lk(e)
exhanges the two verties of σ0 olored i and j. Via ι
−1
suh a projetivity
orresponds to exhanging the elements of p−1
M
(y0) ontained in the sheets
of p
M
labeled ι−1(i) and ι−1(j).
We rst realize the 2-balls in P as the odd subomplex in the {0, 2, 4}-
skeleton, sine they orrespond via ι−1 to the transposition (0, 1) in Mp
W
. To
this end we embed for eah P ∈ P a 3-ball FP in the {0, 2, 3, 4}-skeleton with
∂FP in the {0, 2, 4}-skeleton, and P ∼= cl(∂FP \∂C). Suh an embedding of FP
exists by Lemma 2.15 sine we assume C to be suiently nely triangulated,
and we hoose the {FP}P∈P pairwise disjoint. Now we obtain P as the odd
subomplex by stellar subdivision of {1, 3}-edges following Proposition 2.14.
The odd subomplex representing Q is built in a similar fashion in the
{0, 1, 4}-skeleton, sine Q orresponds via ι−1 to the transposition (0, 2)
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in Mp
W
. The 3-ball FQ with Q ∼= cl(∂FQ\∂C) is embedded in the {0, 1, 3, 4}-
skeleton with ∂FQ in the {0, 1, 4}-skeleton. Proposition 2.14 is appliable
sine P and FQ are disjoint. Now Q is realized as the odd subomplex in
the {0, 1, 4}-skeleton by subdividing {2, 3}-edges. This ompletes the on-
strution of DW . The odd subomplex intersets ∂C in a system of λ + 1
unknotted and unlinked S
1
in the {0, 2}-skeleton representing ∂P, and a
single unknotted and unlinked S
1
in the {0, 1}-skeleton representing ∂Q.
Finally we have to add the µ ribbons to the odd subomplex in order
to onstrut DA. To this end let y0 be the baryenter of σ0, and x a
set of meridial loops as generators of π1(C \ (P ∪ Q), y0), that is, hoose
one meridial loop around eah of the 2-balls in P, and one meridial loop
around Q. Further assume that the generators do not interset the olletion
of 3-balls {FP}P∈P ∪ FQ. Then a projetivity along the image under hC of
a generator around a 2-ball P ∈ P exhanges the verties olored 1 and 3
of σ0, and a projetivity along the image under hC of the generator around
the 2-ball Q exhanges the verties olored 2 and 3.
Now let A ∈ ∂C be the ar orresponding to a ribbon A and let a ⊂ P
and a′ ⊂ P ′ be the intersetion of A with P as desribed in Setion 3.1.
Further let β and β ′ be the elements of π1(C \ (P ∪ Q), y0) orresponding
to the meridial loops around P and P ′. In order to apply Proposition 2.14
hoose a simpliial 4-dimensional neighborhood UA of A in C. (A simpliial
neighborhood of a subomplex L of a simpliial omplex K is a subomplex
NL ⊂ K suh that |NL| is a regular neighborhood of |L| in |K|. Provided
that K is suiently ne triangulated one may hoose NL =
⋃
v∈L stK(v) as
the union of all stars of verties in L.) The neighborhood UA is 5-olorable
sine odd(UA) = ∅, and we may hoose the oloring suh that it oinides
with the oloring of C in neighborhoods of a and a′, respetively. The later
assumption holds sine βα = β ′ holds due to Equation (3.2), where α ∈
π1(C \ (P ∪Q), y0) orresponds to the way A weaves around P ∪Q. Observe
that the 5-oloring UA does not oinide with the oloring of C in general.
It hanges orresponding to the way A weaves around the 2-balls P ∪Q.
Now hoose a 3-ball FA aording to Proposition 2.14 in the {0, 2, 3, 4}-
skeleton of UA with ∂FA in the {0, 2, 4}-skeleton, and A
∼= cl(∂FA \ ∂C).
If we olor the verties of UA by the oloring of C, then in general ∂FA is
partly embedded in the {0, 2, 4}-, {0, 1, 4}-, and {0, 3, 4}-skeleton, reeting
the fat that dierent parts of the ribbon orrespond to dierent transposi-
tion (0, 1), (0, 2), and (1, 2). The intersetion of A with P however is always
ontained in the {0, 2}-skeleton.
The ribbon A is added to the odd subomplex by stellar subdividing edges
in the {1, 3}-skeleton of UA by Proposition 2.14. Adding all ribbons
⋃µ
i=1Ai
to the odd subomplex ompletes the onstrution of DA.
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The simpliial 4-balls DA and DB are indeed ombinatorial 4-balls (and
hene t-nie) sine they are onstruted by subdivision of faes from the
4-simplex, and they meet onditions (1) and (2) from Equation (3.4) by
onstrution. We have T1 = DA ·∪DB, and we summarize the onstrution
of DA by the following proposition.
Proposition 3.5. For eah PL 4-manifold MA = H
0 ∪ λH1 ∪ µH2 there is
a ombinatorial 4-ball DA suh that one of the onneted omponents of the
partial unfolding D̂A is PL-homeomorphi to MA. The anoni projetion
D̂A → DA is a simple 3-fold branhed over with a ribbon manifold as a
branhing set.
Constrution of T2 = DA ∪DH ·∪DB. For the onstrution of the obor-
dism pH → S
3 × [0, 1] we need p
A
and p
B
to be 4-fold branhed overs
obtained from a 3-fold branhed over by adding a trivial sheet. The fourth
sheet is obtained by adding a 2-ball in the {0, 1, 2}-skeleton to the odd sub-
omplex via stellarly subdividing edges in the {3, 4}-skeleton by Proposi-
tion 2.14 and Lemma 2.15. A projetivity along a losed faet path based
at σ0 around a triangle of the newly added odd subomplex exhanges the
verties of σ0 olored 3 and 4, and orresponds via ι
−1
to the transposi-
tion (0, 3) in Mp
M
.
We rst onstrut DA∪DH suh that its partial unfolding yieldsMA∪H .
In partiular the odd subomplex of the boundary ofDA∪DH is equivalent to
the odd subomplex ofDB. To this end a ombinatorial 4-ballDm is attahed
to ∂DA suessively for eah of the C
±
- and N±-moves required to relate the
odd subomplex of ∂DA and ∂DB . The 4-ball Dm realizes m in the sense
that the odd subomplexes of ∂DA and ∂(DA ∪ Dm) dier by the move m.
This produes the triangulation T2. We then identify the boundaries of DB
and DA ∪ (∂DA × [0, 1]), thus ompleting the triangulation S = T3. Keep in
mind that we have to ensure onditions (1) and (2) from Equation (3.4) to
be valid throughout the onstrution.
The ombinatorial 4-ball Dm is onstruted as the one over a ombina-
torial 3-sphere Sm with a trefoil knot or Hopf link as (olored!) odd subom-
plex, respetively. In general, the sphere Sm may be obtained following the
onstrution by Izmestiev & Joswig [36℄.
In both ases the partial unfolding Ŝm is again a triangulation of S
3
, hene
a ombinatorial 3-sphere. With Proposition 1.15 this explains why the partial
unfolding of DA ∪ DH , and subsequently Ŝ are ombinatorial 4-manifolds,
although the odd subomplex is not loally at.
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Figure 3.5. Constrution of Sm with the trefoil knot as odd subomplex and Π(Sm) ∼=
Σ3<Σ4. The odd subomplex is marked.
Example 3.6. Alternatively, in the ase where m is a C±-move, that is,
odd(Sm) is the trefoil knot with the appropriate oloring of the edges (see
Figure 3.3), and Π(Sm) ∼= Σ3<Σ4, an expliit triangulation with an f -vetor
(the vetor with the number of i-faes as i-th entry) equal to (68, 430, 724, 362)
is available as an eletroni model (polymake [21℄ le) by [65℄. We give a
sketh of the onstrution.
The 3-omplex depited in Figure 3.5 is homeomorphi to D
3
, has two
pairs of edges as odd subomplex, and a group of projetivities isomorphi
to Σ3. The triangulation Sm is obtained by rst identifying the verties
A,B, . . . , H with a twist of 3π, thus onstruting a solid torus with an trefoil
knot as odd subomplex. Now a 2-handle is attahed to the area shaded
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in Figure 3.5, reating a 3-ball B with a trefoil knot as odd subomplex.
(Convine yourself that after identiation with the 3π twist, a 2-handle may
be attahed to the shaded area.) Here Proposition 2.12 is used to extend a
4-oloring of a simpliial neighborhood of the shaded area to a 4-olored
triangulation of the 2-handle in order to ensure that no new odd edges arise.
Adding a nal 3-handle to B ompletes Sm by extending a 4-oloring of a
simpliial neighborhood of ∂B to a 4-oloring of the 3-handle by Theorem 2.3.
Example 3.7. In the ase where m is an N±-move, a triangulation of Sm
with the Hopf link as odd subomplex and Π(Sm) ∼= Σ2 × Σ2<Σ4 may be
obtained from any foldable triangulation of S
3
by rst stellar subdividing
an arbitrary edge e, and then stellar subdividing an edge in lk(e). A more
eient triangulation of Sm is obtained by taking the one over the (unique)
triangulation of the bipyramid over the triangle onsisting of three tetrahe-
dra grouped around one edge; see Figure 3.6 (left). The resulting triangula-
tion Sm has f -vetor (6, 15, 18, 9), and Sm is the same triangulation as the
boundary omplex of the diret-sum of two triangles; see Figure 3.6 (right).
A
A
Figure 3.6. Constrution of Sm with the Hopf link as odd subomplex and Π(Sm) ∼= Σ2 ×
Σ2<Σ4 as the one (with apex A) over the triangulated bipyramid, and as the boundary
omplex of the diret-sum of two triangles, pitured as its Shlegel diagram. The odd
subomplex is marked.
Now Dm is obtained as the one over Sm. The resulting odd subomplex
odd(Dm) is a usp or a node singularity depending on whether m is a C
±
-
or N±-move by Lemma 2.16.
It remains to show how to attah Dm to DA. Choose 3-dimensional
neighborhoods U ⊂ ∂DA and U
′ ⊂ ∂Dm = Sm, suh that replaing U by
Sm \ U
′
realizes the move m. Now the move m is realized by identifying |U |
and |U ′|. Sine the triangulations U and U ′ are non-equal in general, we
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triangulate the spae |U | × [0, 1], suh that U triangulates |U | × {0} and U ′
triangulates |U | × {1}, and suh that the odd subomplex is equivalent to
the prism over |Uodd|.
Attahing Dm to DA by identifying |U | to |U
′| is similar to the last re-
maining step in the onstrution of S, where MB is attahed to MA ∪H via
identifying |∂(MA ∪H)| and |∂MB |. We explain how to realize the identi-
ation of |U | and |U ′|, respetively of |∂(MA ∪H)| and |∂MB |, via extending
the triangulations U and U ′, respetively ∂MB and ∂(MA ∪ H) in a more
general setting, thus ompleting the onstrution of S.
Attahing along olor equivalent subomplexes. Consider two om-
binatorial manifolds K and K ′ of dimension d ∈ {3, 4}, and ombinato-
rial (d − 1)-manifolds (possibly with boundary) U ⊂ ∂K and U ′ ⊂ ∂K ′
with U ∼= U ′. Assume that there are olor equivalent simpliial neighbor-
hoodsN andN ′ of U , respetively U ′, suh that |Nodd| (and hene also |N
′
odd|)
is equivalent to |U ∪ Nodd| × [0, 1], and Nodd is a loally at ombinatorial
(d − 2)-manifold. Reall that Uodd = U ∩ Nodd does not hold in general;
see Setion 2.2.1. Further let ϕ : |N | → |N ′|, σ0 ∈ N , σ
′
0 ∈ N
′
, and
ψ : V (σ0)→ V (σ
′
0) as in Equation (1.4), dening the olor equivalene of N
and N ′.
Proposition 3.8. There is a triangulation T of |U |× [0, 1] with |Todd| equiv-
alent to |U ∩ Nodd| × [0, 1], suh that T equals U on |U | × {0} and U
′
on
|U |×{1}, and suh that odd(K ∪T ∪K ′) = Kodd∪Todd∪K
′
odd, thus in eet
attahingK ′ to K via identiation of U and U ′. Here K∪T ∪K ′ denotes the
union of K, K ′, and T , attahing T to K and K ′ along U , respetively U ′.
The simpliial omplex K ∪ T ∪K ′ is a ombinatorial d-manifold.
In order to make the proof digestible it is split into the three Lem-
mas 3.9, 3.10, and 3.11. We denote a fae f ∈ N whih intersets U in
all exept one vertex by f = {g, xg}, where g is a fae of U and xg the
one remaining vertex. Faes of N ′ interseting U ′ in all exept one vertex
are denoted similarly. Throughout, τ ∈ U will be a faet of U , that is, a
(d− 1)-fae of N .
After possible renements of N and N ′ via anti-prismati subdivision
there is a simpliial approximation ϕ′ : N → N ′ of ϕ whih does not degen-
erate σ0. Note that any simpliial approximation of ϕ maps Nodd to N
′
odd,
and U to U ′; see [50, Lemma 14.4, Theorem 16.1℄. Let σ ∈ N be a faet, γ
a faets path in n from σ0 to σ, and let γ
′
be the faet path in N ′ dened
by the non-degenerated images of faets in γ. Let κσ be the last faet of γ
′
,
hene σ′ = ϕ′(σ) ⊂ κσ in general, and σ
′ = κσ if ϕ
′
does not degenerate σ.
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We dene the bijetive map ψσ : V (σ)→ V (κσ) by
ψσ = 〈γ
′〉 ◦ ψ ◦ 〈γ〉−1 .
Sine N and N ′ are olor equivalent, ψσ is independent of the hoie of γ
and hene well dened. Further note that ψ−1σ |σ′ is injetive, and that
ψσ(σ ∩Nodd) ⊂ N
′
odd sine N and N
′
are olor equivalent.
Consider the following regular ell deomposition of |U |× [0, 1]. First the
i-faes of U and U ′ form losed i-ells in the natural way. In partiular, the
verties of U and U ′ are the 0-ells. Now we add a losed (i + 1)-ell Ci+1f
for eah i-fae f ∈ U . The (i + 1)-ell Ci+1f is attahed to the union of all
i-ells along the ell deomposition of Si given by the ells f (and its proper
faes), ϕ′(f) (and its proper faes), and all ells Cj+1g with g ⊂ f is a j-fae.
The top dimensional ells are the d-ells {Cdτ }τ∈U orresponding to faets
of U . Any two ells Ci+1f and C
j+1
g interset properly, that is, in the ommon
ell orresponding to f ∩ g, and the union of all ells equals |U | × [0, 1].
We desribe how to triangulate Cdτ for eah faet τ ∈ U . Note that apart
from τ and τ ′ = ϕ′(τ) there might be already a triangulation indued on
some ells of ∂Cdτ via the triangulation of neighboring ells of C
d
τ . Fix a
(d + 1)-oloring on the verties of {τ, xτ} ∈ N , and olor eah vertex of τ
′
with the olor of its preimage under ψ{τ,xτ}.
Lemma 3.9. The (d+ 1)-oloring of τ and τ ′ an be extended to a (d+ 1)-
oloring of the ells of ∂Cdτ already triangulated.
Proof. Let us all any strongly onneted subomplex of N with trivial group
of projetivities whih ontains a faet σ ∈ N a trivial domain of σ, and
onsider the trivial domain of {τ, xτ}
O =
⋃
v∈{τ,xτ}\Nodd
stN(v) ,
dened by the union of the stars of all verties of {τ, xτ} not ontained
in Nodd. This is indeed a trivial domain if N is triangulated suiently ne
(there are no identiations in ∂O), sine no star of an odd o-dimension 2-
fae is ontained in O, and sine any faet path in O is ontratable. For eah
ell Ci+1f of ∂C
d
τ already triangulated there is a faet ρ ∈ U in with f = τ ∩ρ,
and in the ase f 6∈ Nodd we have {ρ, xρ} ∈ O. Hene the (d + 1)-oloring
of {τ, xτ} extends uniquely to the triangulation of C
i+1
f . Furthermore, if
there are two faets ρ and ρ with f = τ ∩ ρ = τ ∩ ρ, both faets ρ and ρ
produe the same oloring of the triangulation of Ci+1f sine stN(f) ⊂ O, and
sine O is a trivial domain.
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In the ase where f ∈ Nodd onsider the subomplex O =
⋃
v∈{τ,xτ}
stN(v),
a simpliial neighborhood of {τ, xτ}. Assuming a suiently ne triangula-
tion of N and that Nodd is loally at, we have O ∼= D
d
, Oodd ∼= D
d−2
with
Oodd ∩ ∂O ∼= S
d−3
, and Π(O) ∼= Σ2. Therefore d − 1 olors of the (d + 1)-
oloring of {τ, xτ} orresponding to the d − 1 trivial orbits of Π(O), and let
us all these d − 1 olors the stable olors. Propagating the (d+ 1)-oloring
of {τ, xτ} along any faets path in O from {τ, xτ} to any faet {ρ, xρ} ∈ O
with f = τ ∩ ρ yields the same oloring for the triangulation of Ci+1f using
only the d−1 stable olors, sine the verties of {f, xf} orrespond to trivial
orbits of Π(O).
Now the partial triangulation and (d+1)-oloring of ∂Cdτ is extended to a
triangulation and (d+1)-oloring of the entire ell Cdτ using Proposition 2.11.
The triangulation and (d+ 1)-oloring of Cdτ is extended in two steps. First,
let f = τ ∩Nodd, and triangulate C
i+1
f applying Proposition 2.11 using only
the d − 1 stable olors, unless, of ourse, Ci+1f is already triangulated; see
Figure 3.7 for an example in d = 4. Then using Proposition 2.11 one more,
the triangulation and (d+ 1)-oloring is extended to the entire ell Cdτ .
Figure 3.7. Extending the triangulation to
⋃
f∈U∩Nodd
Ci+1f using only the three stable
olors.
Lemma 3.10. The odd subomplex of K ∪ T ∪K ′ is Kodd ∪K
′
odd, and the
union of all o-dimension 2-faes in
⋃
f∈U∩Kodd
Ci+1f .
Proof. We rst prove that a o-dimension 2-fae t in the interior of a ell Ci+1f
is even if f 6∈ Kodd. To this end let τ ∈ U be a faet with f ∈ τ and let O be
the trivial domain of {τ, xτ} as desribed above. By onstrution of T there
is a (d+ 1)-oloring of the triangulation of
⋃
τ∈O C
d
τ ⊃ stT (t), thus t is even.
Any o-dimension 2-fae t in U , respetively U ′, is even in K ∪ T ∪K ′, sine
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for any faet τ ∈ U the (d + 1)-oloring of the ell Cdτ extends the (d + 1)-
oloring of {τ, xτ} and {τ
′, xτ ′} by onstrution of T , hene stK∪T∪K ′(t) is
(d+ 1)-olorable and t is even.
It remains to determine the parity of the o-dimension 2-faes in the
union
⋃
f∈U∩Nodd
Ci+1f , whih form a PL (d − 2)-manifold (with boundary)
equivalent to |U ∩ Nodd| × [0, 1], and we denote the o-dimension 2-faes in
question suggestively by TO. Let e be an interior o-dimension 3-fae of a
ombinatorial manifold, hene we have lk(e) ∼= S2. It is immediate by double
ounting faet-ridge inidenes in any simpliial pseudo manifold without
boundary, that the number of faets is even, thus lk(e), and onsequently
st(e) has an even number of faets. We double ount the number of inidenes
of o-dimension 2-faes {e, x} ∈ st(e) inident to e, and faets of st(e)∑
{e,x}∈st(e)
♯ {σ ∈ st(e) | {e, x} ⊂ σ} =
∑
σ∈st(e)
3 .
The left hand side equals the number of odd o-dimension 2-faes inident
to e modulo 2, and the right hand side is even sine there is an even number
of faets σ ∈ st(e).
Returning to our triangulationK∪T ∪K ′, we have that any o-dimension
3-fae e 6∈ ∂TO is ontained in none or two odd o-dimension 2-faes (e is a
ridge of the (d− 2)-manifold TO). Therefore if there is one odd o-dimension
2-fae in a (strongly) onneted omponent of TO, then all o-dimension 2-
faes in the onneted omponent of TO must be odd faes of T , and eah
onneted omponent of TO intersets Kodd in at least one o-dimension 3-
fae. Thus all o-dimension 2-faes in
⋃
f∈U∩Kodd
Ci+1f are odd, and we proved
TO = Todd.
Lemma 3.11. The simpliial omplex K ∪ T ∪ K ′ is a ombinatorial d-
manifold. In partiular, K ∪ T ∪K ′ is a t-nie simpliial omplex.
Proof. It sues to prove that the vertex link of eah vertex in T is a (d−1)-
sphere or (d− 1)-ball (in K ∪ T ∪K ′). The ombinatorial properties follow
from d − 1 ≤ 3. Let f ∈ U be an i-fae, Ci+1f the orresponding losed
ell of the regular ell deomposition of |U | × [0, 1], and let v ∈ T be a
vertex ontained in the triangulation of Ci+1f . Further let g ∈ U be an j-fae
ontaining f (thus i ≤ j). In the ase v ∈ U ⊂ T (or v ∈ U ′ ⊂ T ) we have
D(v, g) =
∣∣ lkT (v)∣∣ ∩ Cj+1g ∼= cone (∂ stU(f) ∩ g) ,
and otherwise
D(v, g) =
∣∣ lkT (v)∣∣ ∩ Cj+1g ∼= susp (∂ stU(f) ∩ g) .
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Observe that if i = d− 1, that is, f is a (d− 1)-fae (a faet of U), then
lkT (v) is a (d − 1)-ball (if v ∈ ∂T ) or (d − 1)-sphere ompletely ontained
in Cdf . Otherwise D(v, g) is a (d − 1)-ball in the ase v ∈ U ∪ U
′
as well as
in the ase v 6∈ U ∪U ′ for j 6= 0. In the remaining ase v 6∈ U ∪U ′ and j = 0
we have D(v, g) ∼= S0. (Reall that cone(∅) ∼= D0 and susp(∅) ∼= S0 holds by
denition.)
For i < d − 1 let τ, τ ′ ∈ stU(f) be faets interseting in g = τ ∩ τ
′ ⊃ f .
Then the two (d− 1)-balls D(v, τ) and D(v, τ ′) interset in D(v, g). Assume
that f 6∈ ∂U holds. Sine stU(f) is a ombinatorial (d−1)-ball (and ∂ stU(f)
a ombinatorial (d− 2)-sphere) we have
lkT (v) ∼=
⋃
τ∈stU (f)
D(v, τ) ∼= cone(∂ stU(f))
if v ∈ U ∪ U ′, and
lkT (v) ∼=
⋃
τ∈stU (f)
D(v, τ) ∼= susp(∂ stU(f))
otherwise. The ase f ∈ ∂U is treated similarly, exept we onsider the
(d−2)-ball cl(∂ stU(f) \ ∂U) instead of the entire boundary of stU(f). Thus T
is a ombinatorial d-manifold.
It remains to prove that lkK∩T∩K ′(v) is a (d−1)-sphere or (d−1)-ball for
a vertex v ∈ U ⊂ T (or v ∈ U ′ ⊂ T ). This follows sine lkK∩T∩K ′(v) is the
union of the two ombinatorial (d− 1)-balls lkT (v) and lkK(v), respetively
lkK ′(v).
It remains to verify onditions (1) and (2) from Equation (3.4). As for
ondition (1), Todd is homotopy equivalent to Uodd. Further, any path around
an odd triangle in the triangulation of some ell Ci+1f , where f is an edge
in U ∩Nodd, is homotopy equivalent to a path around the (unique) triangle
{f, xf} ∈ Nodd. This settles ondition (2).
Attahing
⋃
mDm to DA produing DA ∪ DH , and then attahing DB
to DA ∪DH as desribed above ompletes the onstrution of S, a ombina-
torial manifold homeomorphi to S
4
(note the dierene to a ombinatorial
4-sphere) with Ŝ ∼= M for a given losed oriented PL 4-manifold M . The
partial unfolding Ŝ is a ombinatorial manifold by Proposition 1.15, thus Ŝ
is PL-homeomorphi to M .
We summarize the onstrution in the following Theorem 3.12 whih
states the main result of this hapter.
3.3 Construting Combinatorial 3-Manifolds 71
Theorem 3.12. For every losed oriented PL 4-manifold M there is a om-
binatorial manifold S homeomorphi to S4 suh that one of the onneted
omponents of the partial unfolding Ŝ of S is a ombinatorial 4-manifold
PL-homeomorphi to M . The anonial projetion Ŝ → S is a simple 4-fold
branhed over branhed over a PL surfae with a nite number of usp and
node singularities.
Remark 3.13. Let M be a simpliial manifold obtained as the partial un-
folding of a ombinatorial sphere. In general, we an not assume M to be a
ombinatorial manifold. As an example onsider a ombinatorial 3-sphere S
with H = Ŝ is a triangulation of the Poinaré homology sphere, see [65,
Setion 5.2.2℄ and [36℄. The double suspension susp2(S) is again a ombina-
torial sphere, yet its partial unfolding is the double suspension susp2(H), a
simpliial 5-sphere whih is not a ombinatorial manifold.
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Izmestiev & Joswig [36℄ show how to onstrut ombinatorial 3-manifolds
as partial unfoldings of ombinatorial 3-spheres. Apart from dening the
partial unfolding, they show how to onstrut the base spae, a ombinatorial
3-sphere with a olored link as its odd subomplex. We want to reonsider
the onstrution of the base spae, applying the new tehniques used in the
onstrution of 4-manifolds above.
We will prove that the desired odd subomplex an be onstruted by
stellar subdivision of faes and twisting, whih will be introdued in the
following.
The branhing set. Reall the denition of a diagram of a link from
Setion 3.1. A diagram is 3-olored, if eah bridge is olored with one
olor, and the three bridges meeting at a rossing are either olored the
same or no two of them have the same olor; see Figure 3.8. For an in-
trodution to knot theory see Adams [1℄. The notion of 3-oloring of a
link diagram presented here diers from [1℄, sine we allow at most three
olors, rather then exatly three olors. Thus every diagram of a link has
a (trivial) 3-oloring in our sense by using the same olor for all bridges,
whih is not true if one requires all three olors to be used. In partiu-
lar no diagram of the trivial knot allows for a 3-oloring using all three
olors [1, p. 25℄.
Consider a losed oriented 3-manifold M3, and a simple 3-fold branhed
over p
M3
: M3 → S3 branhed over a link L. The branhed over p
M3
ex-
ists by Hilden [29℄ and Montesinos [45℄. Fixing a diagram of L yields a set
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Figure 3.8. Crossing of strands in a 3-olored link diagram.
of meridial loops around bridges of the diagram as generators of π(S3 \ L).
Thus we obtain a 3-oloring of L, oloring eah bridge b by the monodromy
ation of the meridial loop around b. We will use the olor red for a bridge
orresponding to the transposition (0, 1) in Mp
M3
, green for a bridge orres-
ponding to the transposition (0, 2), and blue for a bridge orresponding to
the transposition (1, 2).
In addition to the moves C± and N± from Setion 3.1, we dene the
moveM± in Figure 3.9. Further we allow olored Reidemeister moves; see [1℄.
The following Lemma 3.14 is probably known.
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Figure 3.9. The M±-move.
Lemma 3.14. Every 3-olored diagram of a link L an be onstruted from
a olletion of unlinked and unknotted S
1
olored red and green by a nite
sequene of moves C±, M±, and Reidemeister moves.
Proof. First we eliminate all rossings using only one olor by applying an
M−-move to eah rossing. Then the blue olored bridges are removed,
eliminating remaining rossings, and all blue olored strands.
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Applying olored Reidemeister moves we isotopy all unlinked and unknot-
ted S
1
suh that they neither ross or are rossed by any other strand. If
any one of these S
1
is olored blue, we isotopy it underneath a red or green
olored strand, hene hanging its olor. We are left with the task of elim-
inating the blue bridges. Without loss of generality we may assume that a
blue bridge does not ross any other strand of the diagram (Figure 3.10),
and eliminate blue bridges whih are rossed by bridges of the same olor at
their ends using isotopy, one M+-, and one M−-move (Figure 3.11).
Figure 3.10. Using isotopy to ensure that no blue bridges ross other strands.
Figure 3.11. Removing a blue bridge rossed by bridges of the same olor at its ends using
isotopy, one M+-, and one M−-move.
Figure 3.12. The three ases of a pair of blue bridges.
The hard part is to eliminate the blue bridges whih are rossed by a
green bride at the one end, and by a red one at the other end. But the
situation has been simplied by the previous steps. The olors of a strand in
the diagram of L appear in the yli order blue, red, blue, green, and again
blue. This is due to the fat that there are no rossings using only one olor,
that the blue bridges do not ross any strand, and that eah blue bridge is
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rossed by dierent olored bridges at its ends. Further this implies that
the number of blue bridges is even, and we eliminate pairs of blue bridges
using C± and M±-moves.
Choose any blue bridge b. There are three dierent ases to onsider.
First the red bridge rossing b does not ross any other strands. Otherwise
onsider a strand next to b rossed by the red bridge. There are two ways
how this strand an hange its olor: either from blue to green or vie versa,
whih yields the ases two and three; see Figure 3.12.
In the rst ase the diagram may be transformed using isotopy and M±-
moves to the diagram in Figure 3.13, rst row. Then isotopy and a nal C−-
move eliminate the pair of blue bridges. The seond ase is easily redued
(using isotopy and M±-moves) to two blue bridges whih are rossed at both
ends by bridges of the same olor; Figure 3.13, seond row. Finally, redue
the third ase to one blue bridge with a single red and green olored strand
running underneath it, again using isotopy and M±-moves. The remaining
blue bridge is eliminated by a single C−-move; Figure 3.13, third row.
Figure 3.13. Eliminating pairs of blue bridges.
The olletion of red and green unlinked and unknotted 1-spheres an
be simplied further. For example, we may use M±-moves and isotopy to
hange it to one unknotted and unlinked 1-sphere for eah olor red, green
and blue.
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The twisting operation. Consider a simpliial neighborhood Um ⊂ S
of a C±- or M±-move. The odd subomplex of Um onsists of two disjoint
strands, whih in the ase of a C−-move wind around eah other by a twist
of 3π (see Figure 3.3), and in the ase of anM−-move wind around eah other
by a twist of π (see Figure 3.9). Now the move m is realized by removing Um
from S, and gluing Um bak in with a twist of ±3π, respetively ±π. That
is, in the ase of a C+- or M+-move the odd subomplex of Um is twisted
by 3π, respetively π, and in the ase of a C−- or M−-move the twist of the
odd subomplex of Um is annihilated.
To this end hoose simpliial neighborhoods N and N ′ of the boundaries
of cl(S \ Um) and Um, respetively. If there is a homeomorphism of pairs
ϕα : (|N |, |Nodd|) → (|N
′|, |N ′odd|) whih twists odd(Um) by an angle of α,
and N and N ′ are olor equivalent with respet to ϕα, then cl(S \ Um)
and Um may be attahed along their boundaries via ϕα by Proposition 3.8.
The operation of removing Um and replaing it with a twist of α is alled an
α-twist. Observe that N and N ′ are olor equivalent with respet to ϕα if we
hoose α = ±3π in ase of a C±-move, and α = ±π in ase of an M±-move;
see Figure 3.9.
Theorem 3.15. LetM3 be a losed oriented 3-manifold. Then a ombinato-
rial 3-sphere S with Ŝ ∼= M3 an be onstruted from any triangulation of S3
using only nitely many stellar subdivisions of faes, ±3π-, and ±π-twists.
Proof. Starting with a suiently ne and foldable triangulation S of the
3-sphere, e.g. obtained by baryentri subdivision, we rst onstrut the
olletion of red and green 1-spheres required by Lemma 3.14 as odd sub-
omplex. To this end hoose any 4-oloring of S, and stellarly subdivide an
edge in the {0, 1}-skeleton for eah red 1-sphere, and stellarly subdivide an
edge in the {0, 2}-skeleton for eah green 1-sphere. Then the triangulation S
is ompleted using a ±3π-twist for eah C±-move, and a ±π-twist for eah
M±-move.
Problem 3.16. The question if stellar subdivision of faes alone sues to
onstrut a ombinatorial 3-sphere S with Ŝ ∼= M3 for a given losed oriented
3-manifold M3 remains open.
Chapter 4
Produts of Foldable
Triangulations
A lattie triangulation of a lattie m-polytope P is dense if its verties are
all the lattie points inside P , and, for the sake of brevity, we refer to a
regular, dense, and foldable triangulation as an rdf-triangulation. It is known
that a triangulation of a polytope (or more generally, any simply onneted
manifold) is foldable if and only if its dual graph is bipartite; see [37℄. From
rdf-triangulations of lattie polytopes Soprunova and Sottile [62℄ onstrut
sparse polynomial systems with non-trivial lower bounds for the number of
real roots.
For generi oeients the exat number of omplex solutions of a sparse
system of polynomials is known from Kushnirenko's Theorem [40℄. To es-
timate the number of real solutions however, is onsiderably more deliate.
The lower bound in the approah of Soprunova and Sottile is the degree of
a map on the oriented double over of the real part YP of the tori variety
assoiated with the lattie polytope P , where P omes in as the ommon
Newton polytope of the polynomials in the system. In ombinatorial terms
this map degree translates into the size dierene of the two olor lasses of
faets of an rdf-triangulation K of P . More preisely, only those faets of K
ount in the size dierene, alled the signature, whih have odd normalized
volume. We sketh this approah in Setion 4.3.1.
We fous mainly on the ombinatorial aspets, but apply our results to
sparse polynomial systems in Setion 4.3.2. We form rdf-triangulations of
produts of lattie polytopes from rdf-triangulations of the fators. As an
appliation we onstrut triangulations of the d-ube Cd = [0, 1]
d
, whih
is the produt of d line segments. Here we nd rdf-triangulations of Cd
with a super exponentially large signature. Optimizing triangulations of
ubes for ombinatorial parameters is often diult, and basi questions
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are still open: Most prominently, for the minimal number of faets in a d-
ube triangulation for d > 7 only partial asymptoti results are known; see
Anderson & Hughes [32℄, Smith [61℄, Orden & Santos [51℄, Bliss & Su [10℄,
and Zong [67℄. The question whether the onstruted triangulations of the
d-ube have maximal signature is not addressed.
We start out with studying produts of simplies beause these naturally
form the building bloks in our produt triangulations. The key player here
is the stairase triangulation studied by Billera, Cushman, & Sanders [6℄,
Gel
′
fand, Kapranov, & Zelevinsky [24℄, and others. Then we fous on prod-
uts of arbitrary simpliial omplexes. These simpliial produts, whih de-
pend on linear orderings of the verties of the fators, already our in the
work of Eilenberg & Steenrod [18, Setion II.8℄; see also Santos [58℄. It turns
out that the produt of two foldable simpliial omplexes again has a fold-
able triangulation, and we ompute the signature of the simpliial produt
(Theorem 4.17). Here it is important that there are still some hoies left, a
fat whih plays a role in the onstrution of the ube triangulations. Fur-
ther more, if the fators of the simpliial produt are rdf-triangulations of
lattie polytopes P andQ, then the simpliial produt is a rdf-triangulations
of P × Q, provided we hoose spei vertex orderings of the fators (to be
explained later).
For the algebrai appliations it is essential to improve these results fur-
ther. In Theorem 4.29 we show that (with a mild additional assumption) the
simpliial produt K ×stc L meets the geometri requirements of Soprunova
and Sottile, provided that both fators do.
As an appliation of our Produt Theorems Setion 4.4 ontinues with
an expliit onstrution of rdf-triangulations of the d-ube with signature
in Ω(⌊d/2⌋!). This lower bound partially relies on omputational results
obtained with TOPCOM [55℄, polymake [21, 22, 23℄, MAGMA [13℄, and QEPCAD [30℄.
This hapter is a joint work with Mihael Joswig to appear in Advanes
in Mathematis.
4.1 Produts of Simpliial Complexes
Let ∆m = conv(0, e1, . . . , em) be the standard m-simplex, where ei denotes
the i-th unit vetor of Rm. We dene its normalized volume ν(∆m) as
ν(∆m) = vol(∆m)m! = 1.
The produt ∆m × ∆n is an (m + n)-dimensional onvex polytope with
(m+ 1)(n + 1) verties and m+ n + 2 faets. As one key feature ∆m ×∆n
has the property that it is totally unimodular, that is, eah faet of any
triangulation whih uses no additional verties has normalized volume 1. As
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a onsequene the size of an arbitrary suh triangulation of ∆m ×∆n is
ν(∆m ×∆n) = vol(∆m) vol(∆n) (m+ n)! =
(
m+ n
m
)
.
The stairase triangulation. We are interested in one partiular trian-
gulation of ∆m × ∆n, the stairase triangulation stcm,n = stc(∆m × ∆n),
whih an be desribed as follows. Consider a retangular grid of size m+ 1
by n+ 1. Eah node in the grid orresponds to one vertex of ∆m ×∆n. The
faets of stcm,n, desribed as subsets of these nodes, orrespond to the non-
desending and not-returning paths from the lower left node to the upper
right node. These paths, whih go only right or up, but never left nor down,
look like stairases, and hene the name; see Figure 4.1 (left).
10001 01001 00101 00011
0,3 1,3 2,3 3,3
10010 01010 00110
0,2 1,2 2,2
10100 01100
0,1 1,1
11000
0,0
Figure 4.1. The faet 01001 of stc(∆2 ×∆3) and the dual graph of stc(∆2 ×∆3) with the
faet 01001 marked.
The hoie of right and up in the denition of stcm,n impliitly assumes
an ordering of the verties of both fators. Throughout this hapter we will
keep this ordering xed. The stairase triangulation of ∆m × ∆n is the
same as the plaing triangulation indued by the lexrev ordering, that is,
the lexiographi ordering of the verties with the reversed ordering of the
verties of the seond fator. In partiular, stcm,n is a regular triangulation.
Eah suh stairase an be enoded as a shue of up and right moves.
The name shue reets the fat that the number of up and right
moves is always the same, but their order is all that matters. We write the
shue in Figure 4.1 as the bit-string 01001, where 0 means up and 1 means
right. The stairase triangulations ourred in Eilenberg & Steenrod [18,
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Setion II.8℄; see also Billera, Cushman, & Sanders [6℄, Gel
′
fand, Kapranov, &
Zelevinsky [24, 7.D℄, and Santos [58℄.
Yet another way to enode a faet F of stcm,n is to assign a vetor s(F ) ∈
Nm as follows. The bit-string 11 . . . 100 . . . 0 orresponds to the origin, and for
an arbitrary faet F the k-th entry s(F )k measures the dierene between
the position of the k-th one in the bit-representation of F and k. This
dierene may be viewed as the number of shifts to the right of the k-th
one, starting with the bit-string orresponding to the origin. For example,
the bit-string 01001 in Figure 4.1 is mapped to (1, 3).
Via the map s the faets of stcm,n orrespond to the integer points in the
polytope
Sm,n =
{
s ∈ Rm
∣∣∣∣∣ 0 ≤ sk ≤ n for 1 ≤ k ≤ msk ≤ sl for k < l
}
.
This provides us with a onvenient desription of the dual graph of stcm,n;
see Figures 4.1 (right) and 4.2. Let Lm be the m-dimensional ubi grid, that
is, the innite graph with node set Zm, and two nodes are adjaent if they
dier in exatly one oordinate by one.
Figure 4.2. The dual graph of stc3,4 as the subgraph of L3 indued by S3,4 ∩ Z3.
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Proposition 4.1. The dual graph Γ∗(stcm,n) is the subgraph of Lm indued
by the node set Sm,n ∩ Zm. In partiular, this graph is bipartite.
To onlude this setion we mention further aspets of the stairase tri-
angulations, whih are however, inessential for the understanding of the rest
of this hapter.
Bit-strings of lengthm+n with preiselym ones orrespond to the verties
of the hypersimplex
H(m+ n,m) =
{
x ∈ [0, 1]m+n
∣∣∣ ∑ xi = m} .
The graph Γ∗(stcm,n) is a (not indued) subgraph of the vertex-edge graph
of H(m+ n,m). See Figure 4.3 (left) for the ase Γ∗(stc2,3).
The Cayley trik establishes a one-to-one orrespondene between the reg-
ular triangulations of ∆m×∆n and the ne mixed subdivisions of (n+ 1)∆m;
see Santos [59℄. For an example see Figure 4.3 (enter).
As a node of Γ∗(stc2,3)
in the Shlegel diagram
of H(5, 2).
As a ell in a ne
mixed subdivision
of 4∆2.
As a pseudo-vertex in
a tropial yli
polytope.
Figure 4.3. The faet 01001 of stc(∆2 ×∆3) from Figure 4.1.
In a dierent ontext regular triangulations of ∆m × ∆n reently re-
appeared as the tropial onvex hulls of n+1 points in the tropial projetive
spae TPm; see Develin & Sturmfels [17℄. The stairase triangulations arise
as the tropial yli polytopes of Blok & Yu [11℄.
Example 4.2. The stairase triangulation stc2,3 is dual to the tropial onvex
hull of the four points (0, 0, 0), (0, 1, 2), (0, 2, 4), and (0, 3, 6) in TP2. The
faet F = 01001 with s(F ) = (1, 3) from Figure 4.1 orresponds to the
pseudo-vertex (−s(F, 2), 0, s(F, 1)) = (−3, 0, 1) = (0, 3, 4); see Figure 4.3
(right).
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4.1.1 The Simpliial Produt
Let K and L be two abstrat simpliial omplexes. Then the produt spae
|K| × |L| is equipped with the struture of a ell omplex whose ells are the
produts f × g, where f is a fae of K and g is a fae of L. This setion is
about the study of triangulations of |K| × |L| whih rene this natural ell
struture.
Assume that dimK = m and dimL = n, and denote the vertex sets of
K and L by VK and VL, respetively. We hoose a linear ordering OK of VK
and another linear ordering OL of VL. The produt OK ×OL, dened by
(v, w) ≥ (v′, w′) ⇔ v ≥ v′ and w ≥ w′ ,
is a partial ordering of the set VK × VL. Let πK : VK × VL → VK and
πL : VK × VL → VL be the anonial projetions.
We dene the simpliial produt (with respet to the vertex orderings OK
and OL) of K and L as
K ×stc L =
{
F ⊂ VK × VL
∣∣∣∣ πK(F ) ∈ K and πL(F ) ∈ L ,
and O |F is a total ordering
}
.
The simpliial produt K ×stc L appeared earlier in Eilenberg and Steen-
rod [18, Setion II.8℄ as the Cartesian produt, and in Santos [58℄, who alls
it the stairase renement. Both soures prove the stairase triangulation
to be a triangulation of the spae |K| × |L| on the vertex set VK × VL.
Figure 4.4. A faet dening path of the simpliial produt of two dierent triangulations
of the square. On the right two faets interseting in a low dimensional fae.
Let k = |VK | and l = |VL| denote the number of verties of K and L,
respetively. There is a onvenient way to visualize the simpliial produt
in the (k × l)-grid R: We label the olumns of R with the verties of K
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aording to the vertex order OK , and we label the rows of R with the
verties of L aording to the vertex order OL. For eah f ∈ K and g ∈ L
let Rf,g be the minor of R indued by f and g. Then we may think of the
faets of the simpliial produt as the olletion of all asending paths inRf,g
starting bottom-left and nishing top-right. This is a diret generalization
of the stairase triangulation of the produt of two simplies; see Figure 4.4.
More preisely, we may view the simpliial produt K×stcL as a subomplex
of the stairase triangulation of the produt of a (k − 1)-simplex and an
(l − 1)-simplex.
a
b
1 0 3 2
a
b
1 2 0 3
a
b
0 1 2 3
(3, a)
(2, a)
(0, a)
(3, b)
(1, b)
(0, b)
Figure 4.5. Three dierent orderings of the verties of the triangulated square
{{0, 1, 2}, {1, 2, 3}} and the resulting regular triangulations of the 3-ube. The verties
0 and 3 of the square are olored the same, and the top-front vertex of the 3-ube is labeled
(1, a), and the bottom-bak vertex is labeled (2, b). The seond and third 3-ube are labeled
the same.
The ordering of the verties of K and L are ruial to K×stcL. Figure 4.5
depits the produt of the triangulated unit square with the unit interval.
The three distint orderings of the verties of the triangulated square yield
three pairwise non-isomorphi triangulations of the 3-ube C3 deomposed
as C2 × I.
The multi stairase triangulation. The stairase triangulation general-
izes naturally to a triangulation of the produt of nitely many simplies. Let
∆1,∆2, . . . ,∆k be simplies of dimensionm1, m2, . . . , mk, and identify the in-
teger points of the uboid C(m1, . . . , mk) = [0, m1] × [0, m2] × · · · × [0, mk]
with the verties of ∆1×∆2×· · ·×∆k: For 1 ≤ i ≤ k assign the verties of∆i
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to the integer points in [0, mi]. Now the faes of the multi stairase triangu-
lation mstc(∆1 ×∆2 × · · · ×∆k) are given by all monotone asending paths
in the subgraph of Lk indued by the node set C(m1, . . . , mk)∩Zk. In parti-
ular, the faets orrespond to monotone asending paths from the origin to
the point (m1, m2, . . . , mk). (Note that for simpliity we hoose the integer
points in C(m1, . . . , mk) rather then unit ubes in C(m1 + 1, . . . , mk + 1) to
represent the verties of ∆1 × ∆2 × · · · ×∆k.) The multi stairase triangu-
lation appears in Orden & Santos [51, p. 516℄; see Figure 4.6 for a faet of
mstc(∆4 ×∆3 ×∆2).
∆4
∆2
∆3
Figure 4.6. A faet of mstc(∆4 ×∆3 ×∆2) = mstc(∆4 ×∆3)×stc ∆2, and its projetion
to mstc(∆4 ×∆3).
Proposition 4.3. The multi stairase triangulation may be obtained as an
iterated simpliial produt, that is,
mstc(∆1 ×∆2 × · · · ×∆k) = mstc(∆1 ×∆2 × · · · ×∆k−1)×stc ∆k .
Proof. Assigning the verties Vi of ∆i to the integer points in [0, mi] xes an
ordering of Vi for 1 ≤ i ≤ k, and we hoose the lexiographi ordering for
the verties of mstc(∆1 ×∆2 × · · · ×∆k−1).
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The numbers of faets of mstc(∆1×∆2× · · · ×∆k) and mstc(∆1×∆2×
· · · ×∆k−1)×stc ∆k are easily alulated to be the same:(∑k
i=1mi
)
!∏k
i=1mi!
=
(∑k−1
i=1 mi
)
!∏k−1
i=1 mi!
·
(∑k
i=1mi
)
!
mk!
(∑k−1
i=1 mi
)
!
=
(∑k−1
i=1 mi
)
!∏k−1
i=1 mi!
·
(∑k
i=1mi
mk
)
It remains to show that eah faet f of mstc(∆1×∆2×· · ·×∆k) appears as a
faet inmstc(∆1×∆2×· · ·×∆k−1)×stc∆k. The verties of f ome in a natural
order, and f projets to a faet f ′ ofmstc(∆1×∆2×· · ·×∆k−1). The ordering
of the verties of f ′ inherited from f oinides with the vertex ordering of f ′
indued by lexiographi ordering of the verties ofmstc(∆1×∆2×· · ·×∆k−1).
Hene f appears as a faet in the stairase triangulation of f ′ ×∆k.
Remark 4.4. Sine we may hoose dierent vertex orderings for the fators,
iterating the simpliial produt produes many triangulations of ∆1 ×∆2 ×
· · · × ∆k dierent from the multi stairase triangulation. In partiular, not
all triangulations obtained by iterating the simpliial produt are foldable,
but it is easily seen that the multi stairase triangulation is foldable.
4.1.2 Foldable Simpliial Complexes
Let [k] = {0, . . . , k−1} be the vertex set of a foldable simpliialm-omplexK.
Assume that there is a oloring of K given by a weakly monotone map
cK : [k]→ [m+1]. Then we all the natural ordering on [k] olor onseutive.
Any foldable omplex admits (many) olor onseutive orderings.
Proposition 4.5. If K and L are foldable simpliial omplexes with olor
onseutive orderings of their verties then the orresponding simpliial prod-
ut K ×stc L is foldable.
Proof. Let the vertex sets of K and L be [k] and [l], respetively, with weak
monotone oloring maps cK : [k]→ [m+ 1] and cL : [l] → [n+ 1]. We dene
c : [k]× [l]→ [m+ n + 1] : (v, w) 7→ cK(v) + cL(w) .
In order to show that c is a oloring of K×stc L it sues to hek that eah
faet ontains eah olor at most one. Eah faet F of K×stcL is ontained
in a unique ell f × g where f is a faet of K and g is a faet of L. Let v×w
and v′ × w′ be distint verties of F . We may assume v < v′; then w ≤ w′
sine F is a faet of the stairase triangulation of f × g. As the restritions
cK |f and cL |g are stritly monotone we have c(v, w) = cK(v) + cL(w) <
cK(v
′) + cL(w
′) = c(v′, w′). For an example see Figure 4.7.
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In what follows below it is essential that it is not neessary to have olor
onseutive orderings for the fators in order to obtain a foldable simpliial
produt triangulation.
Example 4.6. Let Bn be the triangulation of the bipyramid over the (n−1)-
simplex ∆n−1 formed of two n-simplies sharing a faet. Combinatorially, Bn
is the join of ∆n−1 with the zero-dimensional sphere S0 onsisting of two
isolated points. The triangulation Bn is obviously foldable. The symmetri
vertex ordering Sn on Bn starts with one of the two apies and ends with
the other apex, the verties of ∆n−1 ome in between. That is to say, we
take [n + 2] as the vertex set of Bn, where 0 and n + 1 are the apies, and
a oloring map sn : [n + 2] → [n + 1] : w 7→ wmod(n + 1). Beause of
the symmetry properties of Bn the preise ordering of the verties 1, 2, . . . , n
does not matter. Likewise it is not neessary to distinguish the two apies.
The triangulation Bn with the symmetri vertex ordering will be used in
the onstrution of ertain ube triangulations in Setion 4.4.
Proposition 4.7. Let K be a foldable simpliial omplex with a olor on-
seutive ordering OK. Then the simpliial produt K ×stc Bn with respet
to OK and Sn is foldable.
Proof. We use almost the same oloring sheme as in Proposition 4.5. Let [k]
be the vertex set ofK, and let cK : [k]→ [m+1] be a weak monotone oloring
map. We dene
c : [k]× [n+ 2]→ [m+ n+ 1] : (v, w) 7→ cK(v) + wmod(m+ n+ 1).
This, indeed, is a oloring sine there is no faet of K ×stc Bn ontaining
both, a vertex of the type (v, 0) and a vertex of the type (v, n+ 1).
We refer to Figure 4.5 for the three dierent simpliial produts of an in-
terval with a square arising from the two olor onseutive and the symmetri
vertex ordering of the square (whih is a bipyramid over a 1-simplex).
4.1.3 Regular Triangulations of Polytopes
Let P be an m-dimensional onvex polytope in Rm, and let K be a trian-
gulation of P with vertex set V . Reall that the triangulation K is regular
if there is a onvex funtion λ : Rm → R suh that K oinides with the
polyhedral subdivision of P indued by the lower onvex hull of the set
{(v, λ(v)) ∈ Rm+1 | v ∈ V }. In this ase λ is alled a lifting funtion for K.
Sine we want to stress that a regular triangulation only depends on P and λ
we denote suh a triangulation as P λ.
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Choose points p1, . . . , pk in P suh that conv{p1, . . . , pk} = P , and assume
p1, . . . , pk to be pairwise distint. This implies that the verties of P our
among the hosen points. Then the plaing triangulation of P with respet to
the hosen points in the given ordering is the regular triangulation of P with
vertex set {p1, . . . , pk} and a lifting funtion λ suh that (pl, λ(pl)) is above
all ane hyperplanes spanned by points in {(p1, λ(p1)), . . . , (pl−1, λ(pl−1))}.
A point (p, λ(p)) lies above the ane hyperplane H ⊂ Rm+1 spanned by the
points {(p1, λ(p1)), . . . , (pm+1, λ(pm+1))} if and only if the unique λ
′ ∈ R with
det
 1 1 1 . . . 1p p1 p2 . . . pm+1
λ′ λ(p1) λ(p2) . . . λ(pm+1)
 = 0 (4.1)
satises λ′ < λ(p).
Example 4.8. Consider the standard simplies ∆m = conv{0, e1, . . . , em}
and ∆n = conv{0, e1, . . . , en}. To simplify the formulae below we set e0 = 0.
Then the lexrev ordering on the verties of the produt ∆m ×∆n is given as
O : {e0, . . . , em}×{e0, . . . , en} → [(m+1)(n+1)] : (ei, ej) 7→ (n+1)i+(n−j) .
A lifting funtion ω of stcm,n orresponding to (any) plaing order O is given
by
ω : {e0, . . . , em} × {e0, . . . , en} → R : (v, w) 7→ 2
O(v,w) ,
that is, (∆m ×∆n)
ω = stcm,n holds. Let x ∈ Rm+n be a vertex of ∆m ×∆n,
and let the verties {x1, x2, . . . , xm+n+1} ⊂ ∆m×∆n appear prior to x in the
plaing ordering O, that is, O(x) > O(xi) for 1 ≤ i ≤ m + n + 1. We prove
that Equation 4.1 holds for some λ′ < 2O(x). We have
A =
 1 1 1 . . . 1x x1 x2 . . . xm+n+1
λ′ 2O(x1) 2O(x2) . . . 2O(xm+n+1)

and we want to ompute the value λ′ for whih detA vanishes. To this end
let A′ be any o-dimension 1-minor of A not involving the last row of A. The
absolute value of the determinant of A′ equals the volume of a simplex in
some triangulation of ∆m × ∆n. Sine ∆m × ∆n is totally unimodular we
have detA′ = ±1. Laplae expansion with respet to the last row yields
λ′ ± 2O(x1) ± 2O(x2) ± · · · ± 2O(xm+n+1) = 0 ,
and solving for λ′ gives the following estimate
λ′ ≤ 2O(x1) + 2O(x2) + · · ·+ 2O(xm+n+1) ≤
O(x)−1∑
k=1
2k = 2O(x) − 1 < 2O(x) .
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This shows that the point (x, λ(x)) lies above the hyperplane spanned by any
set of m+ n+ 1 previous points.
Proposition 4.9. Let P λ and Qµ be regular triangulations of an m-polytope
P ⊂ Rm and an n-polytope Q ⊂ Rn, respetively. Then the simpliial prod-
ut P λ×stcQ
µ
is a regular triangulation of the polytope P ×Q for any vertex
orderings OPλ and OQµ.
Proof. Let VPλ be the vertex set of P
λ
equipped with a linear ordering OPλ ,
and let VQµ be the vertex set of Q
µ
with a linear ordering OQµ. The simpliial
produt P λ ×stc Q
µ
(with respet to OPλ and OQµ) is a triangulation of the
produt P ×Q on the vertex set VPλ × VQµ.
Let λ : VPλ → R and µ : VQµ → R be lifting funtions of P
λ
and Qµ. We
onstrut a lifting funtion ω : VPλ × VQµ → R of P
λ ×stc Q
µ
in two steps.
First onsider the map
ω0 : VPλ × VQµ → R : (x, y) 7→ λ(x) + µ(y) ,
whih is a lifting funtion for the polytopal omplex P λ×Qµ. In the seond
step ω0 has to be perturbed suh that it indues a stairase triangulation
on eah ell of P λ ×Qµ. To this end reall that the stairase triangulations
are plaing, and that the lexrev ordering O on VPλ × VQµ indues a plaing
order on eah produt of simplies f × g where f ∈ P λ and g ∈ Qµ. Now
dene ω as an ǫ-perturbation of ω0 by the lifting funtion from Example 4.8
orresponding to O:
ω : VPλ × VQµ → R : (v, w) 7→ λ(v) + µ(w) + ǫ2
O(v,w) , (4.2)
for a suiently small ǫ > 0. Viewing the simpliial produt again as sub-
omplex of the stairase triangulation of two large simplies, shows that,
indeed (P ×Q)ω = P λ ×stc Q
µ
. For an example see Figure 4.7.
In general, there may be several perturbations whih lead to dierent
lifting funtions but whih indue the same triangulations. An important
speial ase ours if the triangulations P λ and Qλ additionally are foldable.
In this ase it is possible to dene a perturbation whih only depends on the
olor lasses of the verties of the fators:
Example 4.10. Let cPλ : VPλ → [m + 1] and cQµ : VQµ → [n + 1] be
oloring maps. Using olor onseutive vertex orderings for VPλ and VQµ and
the resulting lexrev ordering O for the verties of P ×stc Q we may hoose
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Figure 4.7. Simpliial produt of a path I of length 3 with itself, using olor onseutive
vertex orderings. The verties of the produt are olored aording to the olor sheme
from the proof of Proposition 4.5 and are labeled in lexrev order.
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a dierent perturbation than in Equation (4.2). This yields the following
lifting funtion
ω : VPλ × VQµ → R : (v, w) 7→ λ(v) + ν(w) + ǫ 2
(n+1)c
Pλ
(v)+(n−cQµ (w)) , (4.3)
for ǫ > 0 hosen suiently small. Note that we use the same perturbation
ǫ2(n+1)i+(n−j) for all verties (v, w) with cPλ(v) = i and cQµ(w) = j. Let us
restrit our attention to a ell f × g for faets f ∈ P λ and g ∈ Qµ. Sine
any olor i ∈ [m+ 1] appears exatly one in the oloring of f and any olor
j ∈ [n + 1] appears exatly one in the oloring of g, respetively, there is
exatly one vertex (v, w) ∈ f × g with cPλ(v) = i and cQµ(w) = j for eah
(i, j) ∈ [m + 1] × [n + 1]. Hene ω restrited to f × g indues the stairase
triangulation f×stcg from Example 4.8, and ω indues the simpliial produt
triangulation (P ×Q)ω = P λ ×stc Q
µ
on P λ ×Qµ.
4.2 Triangulations of Lattie Polytopes
Let P be an m-dimensional lattie polytope, that is, we assume that its vertex
oordinates are integral. Sine the determinant of an integral matrix is an
integer it follows that the normalized volume ν(P ) = m! vol(P ) is an integer,
where vol(P ) is the usual m-dimensional volume of P . A lattie simplex
is alled even or odd depending on the parity of its normalized volume. A
triangulation K of a lattie polytope P is dense if it uses all lattie points
inside P , that is, its vertex set is P ∩ Zm. In the ase that K is additionally
regular, say with lifting funtion λ, we again write P λ for K sine it only
depends on P and λ.
Let P λ be an rdf-triangulation of P , that is, P λ is regular, dense, and
foldable. In partiular P λ is a lattie triangulation. Reall that P λ is foldable
if and only if its dual graph is bipartite. Usually we refer to the two olor
lasses as blak and white. Then the signature σ(P λ) of P λ is dened as
the absolute value of the dierene of the odd blak and the odd white faets
in P λ. Note that the even faets are not aounted for in any way. Moreover,
in the important speial ase where P λ is unimodular, that is, where all the
faets have a normalized volume equal to 1, all faets are odd. For examples
of unimodular triangulations of the 3-ube with signatures equal to 0 and 2
see Figure 4.5; note that all triangulations of the 3-ube without additional
verties are regular.
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Figure 4.8. Dense and foldable triangulation of the retangular grid G4,6.
Example 4.11. Consider the retangular grid Gk,l = [0, k] × [0, l]. Note
that eah triangulation of the grid is unimodular if and only if it is dense.
Triangulations of the retangular grid Gk,l = [0, k] × [0, l] are an interest-
ing subjet on their own; see, for instane, Kaibel & Ziegler [38℄ and the
referenes therein.
Proposition 4.12. Even without the assumption of regularity there are no
dense and foldable triangulation of Gk,l with a positive signature.
The following surprisingly simple proof is by Günter M. Ziegler, personal
ommuniation. See Figure 4.8 for an example of a dense and foldable tri-
angulation of G4,6.
Proof. Let K be a dense triangulation of Gk,l. Label eah edge of K with x
if the dierene of the x-oordinates of its endpoints is odd. Similarly, label
eah edge of K with y if the dierene of the y-oordinates of its endpoints
is odd. All edges are labeled sine K is dense, and onvine yourself that the
edges of eah triangle are labeled x, y, and xy. No edges in the boundary
of Gk,l are labeled xy, hene we math triangles whih share an xy-labeled
edge. In the ase that K is foldable, eah blak triangle is mathed via its
xy-labeled edge to a white one, and we have σ(K) = 0.
Example 4.13. Dense and foldable triangulations do not exist for all lattie
polytopes. For instane, in any dimensionm ≥ 2 there are lattie simplies of
arbitrarily large volume whih admit exatly one dense triangulation (whih
is regular), but whih is not foldable.
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For k ≥ 1 let ∆2(k) = conv{(0, 1), (1, 0), (2k, 2)}, a triangle with nor-
malized volume ν(∆2(k)) = 2k + 1; see Figure 4.9. For m ≥ 3 we dene
∆m(k) as the one over ∆m−1(k) with the m-th unit vetor as its apex; this
is an m-simplex with normalized volume ν(∆m(k)) = ν(∆m−1(k)) = . . . =
ν(∆2(k)) = 2k + 1.
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Figure 4.9. A lattie triangle without a dense and foldable triangulation.
The interior point (k, 1) ∈ ∆2(k) is a degree-3-vertex in the unique (reg-
ular and) dense triangulation of ∆2(k), hene there is no dense and foldable
triangulation of ∆2(k). The one over a triangulation K of ∆m−1(k) is fold-
able if and only if K is foldable, and any triangulation of ∆m(k) arises as a
one over a triangulation of ∆m−1(k). Therefore there is no rdf-triangulation
of ∆m(k) by indution.
Example 4.14 (Signature of the Stairase Triangulation). Let ∆m and ∆n
be odd simplies of dimension m and n, respetively. From the desription
of Γ∗(stcm,n) as the subgraph of Lm indued by the node set Sm,n ∪ Zm (see
Proposition 4.1) one an read o that Γ∗(stcm,n) is bipartite and extrat
a reursive formulae for the signature of stcm,n. Remember that stcm,n is
unimodular, hene σm,0 = σ0,n = 1 and
σm,n =
∣∣∣∣∣
n∑
i=0
(−1)i σm−1,i
∣∣∣∣∣ =
∣∣∣∣∣
n−1∑
i=0
(−1)i σm−1,i + (−1)
n σm−1,n
∣∣∣∣∣
= | σm,n−1 + (−1)
n σm−1,n | = σm,n−1 + (−1)
n σm−1,n .
A areful inspetion of the four ases arising from the two hoies eah for
the parities of m and n gives the last equation. This reursion then yields the
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expliit formulae for σm,n given by White [64℄ and stated in Proposition 4.15.
Observe that ∆m × ∆n is the order polytope of the poset of the disjoint
union of a path of length m + 1 and a path of length n + 1. The stairase
triangulation stcm,n oinides with the anonial triangulation of the order
polytope; see Soprunova and Sottile [62, Setion 4℄.
Proposition 4.15. The signature of the stairase triangulation of the prod-
ut of two simplies of odd normalized volume is
σ2k,2l =
(
k + l
k
)
, σ2k,2l+1 =
(
k + l
k
)
and σ2k+1,2l+1 = 0 .
If at least one of the simplies is even then this signature vanishes.
Throughout the rest of the setion let P ⊂ Rm and Q ⊂ Rn be an m-
and n-dimensional lattie polytopes, respetively. Further we assume that
there are rdf-triangulations P λ and Qµ. Suppose now that we have linear
orderings OP and OQ of the vertex sets VP = P ∩Zm and VQ = Q∩Zn suh
that the orresponding simpliial produt P λ×stc Q
µ
is again foldable. Note
that suh orderings always exist due to Proposition 4.5. By Proposition 4.9,
P λ ×stc Q
µ
is also regular and dense.
The rest of this setion is devoted to omputing the signature of P λ ×stc Q
µ
.
The dual graph Γ∗ of the ell omplex P λ × Qµ is the produt of the dual
graphs of P λ and Qµ. Further the dual graph of the simpliial produt
P λ ×stc Q
µ
arises from Γ∗ by replaing eah node by a opy of Γ∗(stcm,n) in
a suitable way.
Reall that only odd simplies ontribute to the signature. Sine the
stairase triangulation is unimodular for eah faet F of stc(f × g) we have
ν(F ) = ν(f)ν(g). Therefore we have
σ(P λ ×stc Q
µ) = σm,n
∣∣∣∣∣∣
∑
f × g faet of Pλ ×Qµ
δ(f, g) ν(f) ν(g)
∣∣∣∣∣∣ , (4.4)
where δ(f, g) = ±1 and ν(h) = ν(h)mod 2 denotes the parity of the nor-
malized volume of h. So it remains to determine the sign δ(f, g). This only
depends on the vertex orderings OP and OQ.
As a point of referene inside stc(f × g) we hoose the faet F0(f, g)
orresponding to the origin in the notation from Setion 4.1; this orresponds
to the stairase F0 = 11 . . . 100 . . . 0 whih rst goes all the way to the right
and then all the way up in Figure 4.1. To determine the sign δ(f, g) amounts
to determining the olor of the faet F0(f, g) in P
λ ×stc Q
µ
.
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We rst onsider the ase where P λ is a lattie m-simplex ∆m (with-
out interior lattie points) and Qµ onsists of two neighboring n-simplies
(without interior lattie points), that is, Qµ is the rdf-triangulation Bn of
the bipyramid over the (n− 1)-simplex from Example 4.6. Note that ∆m is
an rdf-triangulation of itself. Further, the signature of ∆m vanishes if the
normalized volume of ∆m is even and equals 1 otherwise.
Lemma 4.16. The simpliial produt ∆m ×stc Bn is an rdf-triangulation of
the produt of ∆m and a lattie bipyramid over the (n − 1)-simplex with
signature
σ(∆m×stcBn) =

σm,n σ(∆m) σ(Bn)
if the vertex ordering on Bn is
olor onseutive or if m is even,
σm,n σ(∆m) ω
if the vertex ordering on Bn
is symmetri and m is odd.
Here ω ∈ {0, 1, 2} ounts the number of odd simplies in Bn.
Proof. It is a onsequene of Propositions 4.5 and 4.9 that ∆m ×stc Bn is an
rdf-triangulation.
Let g and g′ be the two faets of Bn. In both ases we get a ontribution of
δ(∆m, g) σm,n σ(∆m) to σ(∆m×stcBn) if g is odd, and similarly a ontribution
of δ(∆m, g
′) σm,n σ(∆m) to σ(∆m ×stc Bn) if g
′
is odd; see Equation (4.4).
It remains to ompare δ(∆m, g) and δ(∆m, g
′), whih depends on the ver-
tex ordering of Bn. We have δ(∆m, g) = −δ(∆m, g
′) if and only if F0(∆m, g)
and F0(∆m, g
′) are olored dierently whih in turn holds if and only if the
distane between F0(∆m, g) and F0(∆m, g
′) in Γ∗(∆m ×stc Bn) is odd.
Sine Γ∗(∆m×stcBn) is bipartite, eah path from F0(∆m, g) to F0(∆m, g
′)
has the same parity, and we may hoose any path to determine the parity of
the distane. Let F˜0(∆m, g) ∈ stc(∆m × g) and F˜0(∆m, g
′) ∈ stc(∆m × g
′)
be neighboring faets. Then the distane between F0(∆m, g) and F0(∆m, g
′)
is odd if and only if the distane between F0(∆m, g) and F˜0(∆m, g) has the
same parity as the distane between F0(∆m, g
′) and F˜0(∆m, g
′) (keep in mind
that the distane between F˜0(∆m, g) and F˜0(∆m, g
′) is 1).
We rst onsider the ase where the vertex ordering of Bn is olor on-
seutive. Let c be the olor of the unique vertex v ∈ g \ g′ (whih is the same
as the olor of the unique vertex v′ ∈ g′ \ g). All olumns in the lattie grid
dening ∆m ×stc Bn orresponding to verties olored c are onseutive and
hene v and v′ follow one after another in the vertex ordering of Bn. We
distinguish the two ases where v and v′ appear somewhere in the middle
or at the beginning of the vertex ordering of Bn and where v and v
′
appear
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∆m
g ∩ g′ g ∩ g′v v′
∆m
g ∩ g′ v v′
Figure 4.10. Distane of the faets of referene F0(∆m, g) and F0(∆m, g
′) in Γ∗(∆m ×stc
Bn) for olor onseutive orderings of Bn. The faets F˜0(∆m, g) and F˜0(∆m, g
′) and their
intersetion is shaded. On the left the two apies v, v′ our somewhere in the middle or
at the beginning of the vertex ordering of Bn, on the right at the end.
∆m
g ∩ g′v v′
Figure 4.11. Distane of the faets of referene F0(∆m, g) and F0(∆m, g
′) in Γ∗(∆m ×stc
Bn) for the symmetri ordering of the verties of Bn. The faets F˜0(∆m, g) and F˜0(∆m, g
′)
and their intersetion is shaded.
at the end of the vertex ordering; see Figure 4.10. In the rst ase we may
hoose F0(∆m, g) = F˜0(∆, g) and F0(∆m, g
′) = F˜0(∆m, g
′) and the distane
between F0(∆m, g) and F0(∆, g
′) is 1. In the seond ase the distane be-
tween F0(∆m, g) and F˜0(∆m, g) equals the distane between F0(∆m, g
′) and
F˜0(∆m, g
′). Therefore we obtain δ(∆m, g) = −δ(∆m, g
′) in the olor onse-
utive ase.
Let the vertex ordering on Bn be symmetri. We have F0(∆m, g) =
F˜0(∆m, g) and the distane of F0(∆m, g
′) and F˜0(∆m, g
′) ism, hene δ(∆m, g) =
−δ(∆m, g
′) if and only if m is even; see Figure 4.11.
We refer to Figure 4.5 for an example of three triangulations of [0, 1]×B2
resulting from dierent vertex orders of B2.
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Theorem 4.17 (Combinatorial Produt Theorem). Let P λ and Qµ be rdf-
triangulations of an m-dimensional lattie polytope P ⊂ Rm and an n-di-
mensional lattie polytope Q ⊂ Rn, respetively. For olor onseutive vertex
orderings OP and OQ the simpliial produt P
λ×stcQ
µ
is an rdf-triangulation
of the polytope P ×Q with signature
σ(P λ ×stc Q
µ) = σm,n σ(P
λ) σ(Qµ) .
Proof. Again, by Propositions 4.5 and 4.9, P λ×stcQ
µ
is an rdf-triangulation.
Let f, f ′ ∈ P λ and g, g′ ∈ Qµ be faets suh that f × g and f ′ × g′ are
neighboring ells of P λ × Qµ. We may assume that f = f ′ and g ∩ g′ is a
ridge. Hene g ∪ g′ is a bipyramid over the ommon ridge g ∩ g′. Applying
Lemma 4.16 to f ×stc (g ∪ g
′) yields δ(f, g) = −δ(f, g′), and we may label
the ells of P λ × Qµ with δ(f, g) by assigning +1 (blak) and −1 (white)
aording to the bipartition of the dual graph Γ∗(P λ ×Qµ) of P λ ×Qµ.
We may think of Γ∗(P λ×Qµ) as a opy of Γ∗(P λ) for eah node of Γ∗(Qµ).
Eah opy of Γ∗(P λ) may be 2-olored using the bipartition of Γ∗(P λ), but
we must use the inverse oloring for a opy of Γ∗(P λ) if the orresponding
node of Γ∗(Qµ) is olored white. Therefore a node f × g of Γ∗(P λ × Qµ) is
labeled +1 if and only if the faets f ∈ P λ and g ∈ Qµ are olored the same,
and using Equation (4.4) we have
σ(P λ ×stc Q
µ)
= σm,n
∣∣∣∣∣∣
∑
f ∈ Pλ blak
(
ν(f)
∑
g ∈ Qµ blak
ν(g)
)
+
∑
f ∈ Pλ white
(
ν(f)
∑
g ∈ Qµ white
ν(g)
)
−
∑
f ∈ Pλ blak
(
ν(f)
∑
g ∈ Qµ white
ν(g)
)
−
∑
f ∈ Pλ white
(
ν(f)
∑
g ∈ Qµ blak
ν(g)
)∣∣∣∣∣∣
= σm,n
∣∣∣∣∣∣
∑
f ∈ Pλ blak
ν(f) −
∑
f ∈ Pλ white
ν(f)
∣∣∣∣∣∣
∣∣∣∣∣ ∑
g ∈ Qµ blak
ν(g) −
∑
g ∈ Qµ white
ν(g)
∣∣∣∣∣
= σm,n σ(P
λ) σ(Qµ) .
Finally we onsider the ase where Qµ is the rdf-triangulation Bn of the
bipyramid over the (n − 1)-simplex from Example 4.6. While this seems to
over a very speial ase only, the result is instrumental for the onstrution
of triangulations of the d-ube with non-trivial signature in Setion 4.4.
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Proposition 4.18. Let P λ be an rdf-triangulation of an m-dimensional lat-
tie polytope P ⊂ Rm with a olor onseutive ordering on its vertex set
VP = P ∩ Zm. Then P λ ×stc Bn is an rdf-triangulation of the produt of P
with a lattie bipyramid over the (n− 1)-simplex with signature
σ(P λ×stcBn) =

σm,n σ(P
λ) σ(Bn)
if the vertex ordering on Bn is
olor onseutive or if m is even,
σm,n σ(P
λ) ω
if the vertex ordering on Bn
is symmetri and m is odd.
Here ω ∈ {0, 1, 2} ounts the number of odd simplies in Bn.
One an show that for other vertex orderings of Bn the simpliial produt
P λ ×stc Bn is not foldable. In this sense the two ases listed exhaust all the
possibilities.
Proof. Propositions 4.5 and 4.9 ensure that P λ×stcQ
µ
is an rdf-triangulation.
Let g and g′ be the two faets of Bn, and let us think of P
λ × Bn as the
union of two opies of P λ × ∆n, whih we denote as P
λ × g and P λ × g′.
Further let f ∈ P λ be an arbitrary but xed faet. We get a ontribution of
δ(f, g) σ(P λ) σm,n to σ(P
λ ×stc Bn) if g is odd by Theorem 4.17. Similarly
we get a ontribution of δ(f, g′) σ(P λ) σm,n to σ(P
λ ×stc Bn) if g
′
is odd. It
remains to ompare δ(f, g) and δ(f, g′). The simpliial produt f ×stc (g∪g
′)
is a triangulation of the produt of an m-simplex and Bn and by Lemma 4.16
we have δ(f, g) = −δ(f, g′) in the rst and δ(f, g) = δ(f, g′) in the seond
ase.
A referee suggested the following generalization of Proposition 4.18, whih
we state without a proof. Let P λ and Qµ be rdf-triangulations of the full
dimensional lattie polytopes P ⊂ Rm and Q ⊂ Rn, respetively. Further let
the verties of P λ be ordered olor onseutive, and let the verties of Qµ be
partitioned into subsets V0, V1, . . . , Vn aording to their olors. An almost
olor onseutive ordering of the verties of Qµ is obtained by splitting V0
into two subsets V ′0 and V
′′
0 and taking any vertex ordering ompatible with
V ′0 < V1 < · · · < Vn < V
′′
0 . The vertex sets V
′
0 and V
′′
0 indue a bipartition on
the faets ofQµ denoted by L′ and L′′, and let the faets of L′, respetively L′′
be olored blak and white aording to the oloring of the faets of Qµ
(neither L′ nor L′′ is strongly onneted in general). Finally we set the signed
signature σ˜(L) of a geometri simpliial omplex L with faets olored blak
and white as the number of odd blak faets minus the number of odd
white faets.
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Proposition 4.19. The simpliial produt P λ ×stc Q
µ
(with respet to the
olor onseutive vertex ordering of P λ and the almost olor onseutive
vertex ordering of Qµ) is a rdf-triangulation of P ×Q with signature
σ(P λ ×stc Q
µ) =
{
σm,n σ(P
λ) σ(Qµ) if m is even,
σm,n σ(P
λ) |σ˜(L′)− σ˜(L′′)| if m is odd.
4.3 Lower Bounds for the Number of Real Roots
of Polynomial Systems
Triangulations whih are regular, dense, and foldable are interesting sine
they yield non-trivial lower bounds for the number of real roots of assoi-
ated polynomial systems, provided that a number of additional geometri
onditions are met. To disuss these issues we rst review the onstrution
of Soprunova and Sottile [62℄.
4.3.1 Triangulations and Lower Bounds
Let P ⊂ Rm≥0 be a lattie m-polytope ontained in the positive orthant, and
let λ : P ∩ Zm → R be a lifting funtion suh that the indued triangu-
lation P λ is an rdf-triangulation. Further let the verties P ∩ Zm of P λ be
olored by the map c : P ∩Zm → [m+1]. We dene the oeient polynomial
FPλ,i,s ∈ R[t1, . . . , tm] of a olor i and an additional parameter s ∈ (0, 1] as
FPλ,i,s(t) =
∑
v ∈ c−1(i)
sλ(v) tv, (4.5)
where t = (t1, . . . , tm) and t
v = tv11 . . . t
vm
m . Choosing a real number ai for
eah olor i ∈ [m+ 1] denes a Wronski polynomial
FPλ,s(t) = a0FPλ,0,s(t) + a1FPλ,1,s(t) + . . . + amFPλ,m,s(t) ∈ R[t1, . . . , tm] ,
for xed s ∈ (0, 1]. A Wronski system assoiated with P λ is a sparse system
of m Wronski polynomials whih is generi in the sense that it attains Kush-
nirenko's bound [40℄, that is, it has exatly ν(P ) distint omplex solutions.
Let M = |P ∩ Zm| denote the number of integer points in P and let
CPM−1 be the omplex projetive spae with oordinates {xv | v ∈ P ∩ Zm}.
The tori projetive variety XP ⊂ CPM−1 parameterized by the monomials
{tv | v ∈ P ∩ Zm} is given by the losure of the image of the map
ϕP : (C
×)m → CPM−1 : t 7→ [tv | v ∈ P ∩ Zm] , (4.6)
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where [tv1 , . . . , tvm ] is a point in CPM−1 written in homogeneous oordinates.
Via ϕP a Wronski system on (C×)m orresponds to a system of m linear
equations on the tori variety XP ⊂ CPM−1.
Let YP = XP ∩RPM−1 be the real points of the variety XP . For s ∈ (0, 1]
the s-deformation s.YP is obtained as the losure of the image of the deformed
map
s.ϕP : (C
×)m → CPM−1 : t 7→ [sλ(v) tv | v ∈ P ∩ Zm]
interseted with RPM−1. The s-deformation s.YP interpolates between YP =
1.YP and its homotopi image 0.YP , whih is dened as the initial variety
inλ(YP ); the whole family {s.YP | s ∈ [0, 1]} is alled the tori degeneration
of YP ; for the details see [62, Setion 3℄. A Wronski polynomial orresponds
to the image of s.YP under the linear Wronski projetion
πE :
CPM−1 \ E → CPm
[xv | v ∈ P ∩ Z
m] 7→ [
∑
v ∈ c−1(i)
xv | i = 0, 1, . . . , m ]
with enter
E =
x ∈ CPM−1
∣∣∣∣∣∣
∑
v ∈ c−1(i)
xv = 0 for i = 0, 1, . . . , m
 .
The tori degeneration meets the enter of the projetion πE if there are
s ∈ (0, 1] and t ∈ Rm suh that
FPλ,0,s(t) = FPλ,1,s(t) = . . . = FPλ,m,s(t) = 0 .
The sphere SM−1 is a double over of RPM−1. Let Y +P ⊂ S
M−1
be the
pre-image of YP under the overing map. Note that Y
+
P is not neessarily
smooth nor onneted. Nonetheless, its orientability is well dened. The
following theorem is a slightly simplied version of what is proved in [62℄.
Theorem 4.20 (Soprunova & Sottile). Let P ⊂ Rm≥0 be a non-negative lat-
tie m-polytope suh that Y +P is oriented, and let P
λ
be an rdf-triangulation
of P indued by the lifting funtion λ. Suppose that there is a number
s0 ∈ (0, 1] suh that the s-deformation s.YP does not meet the enter of
the Wronski projetion πE for all s ∈ (0, s0] and all t ∈ Rm. Then for all
s ∈ (0, s0] the number of real solutions of any assoiated Wronski system in
R[t1, . . . , tm] is bounded from below by the signature σ(P λ).
In general, it seems diult to deide the orientability of Y +P . To this end
Soprunova and Sottile suggest to onsider the following suient ondition:
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Let (A, b) be an integral faet desription of P = {x ∈ Rm |Ax+ b ≥ 0} suh
that the i-th row of the matrix A is the unique inward pointing primitive
normal vetor of the i-th faet of P . This way, up to a re-ordering of the
faets, A and b are uniquely determined. Denote by ΛA the lattie spanned
by the olumns of A. Suppose that the lattie spanned by P ∩ Zm has odd
index in Zm and that ΛA has odd index in its saturation ΛA ⊗Z Q, that
is, A has a maximal minor A˜ with det A˜ odd. If these two parity onditions
are satised and if, additionally, there is a vetor v with only odd entries in
the integer olumn span of (A, b) then Soprunova and Sottile all the double
over Y +P Cox-oriented.
We all the rdf-triangulation P λ geometrially nie or g-nie for the
value s0 if all the onditions of Theorem 4.20 are satised. (This deni-
tion of a g-nie rdf-triangulation diers from the topologially motivated
denition of a t-nie simpliial omplex in Setion 1.2.) Note that the
(Cox-)orientability of Y +P solely depends on the polytope P .
Example 4.21. The unique rdf-triangulation of the line segment [k, l], where
0 ≤ k < l, is g-nie for s0 = 1 (and any lifting funtion) if and only if k = 0.
We have σ([0, l]) ∈ {0, 1} depending on l being even or odd. This is a sharp
lower bound for the number of real roots in the one-dimensional ase.
Example 4.22. The stairase triangulation of ∆m×∆n is g-nie for s0 = 1.
This is true if at least one of the two verties whose olor ours only one
is loated at the origin.
Example 4.23. Let P λ be an rdf-triangulation of a lattie polytope P ⊂
Rm≥0, and let Y
+
P be Cox-oriented. The one 0 ∗ P
λ
of the triangulation P λ
(embedded into Rm+1 via the map (v1, . . . , vm) 7→ (1, v1, . . . , vm)) with apex
0 ∈ Rm+1 is g-nie for s0 = 1. The signature of 0 ∗ P λ equals the signature
of P λ.
4.3.2 Produts of Tori Varieties
Let us onsider the Segre embedding
ι :
CPM−1 × CPN−1 → CPMN−1
([x1, . . . , xM ], [y1, . . . , yN ]) 7→ [x1y1, . . . , xiyj, . . . , xMyN ] ,
whih is the tensor produt. The restrition ι : RPM−1×RPN−1 → RPMN−1
lifts to the double overs ι+ : SM−1 × SN−1 → SMN−1.
4.3 On the Number of Real Roots of Polynomial Systems 101
Proposition 4.24. Let P be an m-dimensional lattie polytope with M
lattie points, and let Q be an n-dimensional lattie polytope with N lattie
points. Then we have
ι(YP × YQ) = YP×Q and ι
+(Y +P × Y
+
Q ) = YP+×Q+ .
Proof. Let ϕP : (C×)m → CPM−1 denote the map in Equation (4.6) whih
denes the tori variety XP . Observe that ϕP×Q = ι ◦ (ϕP , ϕQ). This readily
implies ι(XP×XQ) = XP×Q and also ι(YP×YQ) = YP×Q. Now ι
+(Y +P ×Y
+
Q ) =
YP+×Q+ follows sine the map ι lifts to the overings.
Corollary 4.25. Let P and Q be lattie polytopes suh that Y +P and Y
+
Q
are oriented. Then Y +P×Q is oriented.
Proof. The orientability of Y +P×Q depends on the orientability of its smooth
part, whih is the ι+-image of the produt of the smooth parts of Y +P and
Y +Q . The produt of orientable manifolds is orientable.
Remark 4.26. As a further onsequene, if Y +P and Y
+
Q are Cox-oriented,
then Y +P×Q is oriented. However, Y
+
P×Q does not have to be Cox-oriented
itself. For an example onsider produts ∆m ×∆n of standard simplies for
m even and n odd.
The question under whih onditions the tori degeneration of YP×Q meets
the enter of the Wronski projetion is a little harder to answer. The lifting
funtion ω determines the triangulation of P ×Q and we write (P ×Q)ω =
P λ ×stc Q
µ
if we want to emphasize the partiular lifting funtion ω dened
in Equation (4.2). Reall that a vertex (v, w) of (P × Q)ω is olored k =
cPλ(v) + cQµ(w) where cPλ : P ∩ Z
m → [m + 1] and cQµ : Q ∩ Zn → [n + 1]
denote the oloring maps; see Proposition 4.5. Therefore for s ∈ (0, 1] the
oeient polynomial (Equation (4.5)) of (P × Q)ω for k ∈ [m+ n + 1] has
the form
F(P×Q)ω ,k,s(t) =
∑
c
Pλ
(v)+cQµ (w)=k
sλ(v)+µ(w)+ǫ(v,w) t(v,w)
=
∑
c
Pλ
(v)+cQµ (w)=k
sλ(v)(t1, . . . , tm)
v sµ(w)(tm+1, . . . , tm+n)
w sǫ(v,w) .
As in Example 4.8 we may hoose the same perturbation ǫ(i, j) = ǫ2(n+1)i+(n−j)
(for suiently small ǫ > 0) for all verties (v, w) with cPλ(v) = i and
cQµ(w) = j if we hoose olor onseutive orderings of the verties of P
λ
and Qµ; see Equation (4.3). Summing over all olors i of P λ and all olors j
of Qµ with i+ j = k yields
F(P×Q)ω ,k,s =
∑
i+j=k
FPλ,i,s FQµ,j,s s
ǫ(i,j) . (4.7)
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The s-degeneration s.YP meets the enter of the Wronski projetion in
the points
Vs(P
λ) =
{
t ∈ Rm
∣∣FPλ,i,s(t) = 0 for all i ∈ [m+ 1]} ,
the real variety generated by the oeient polynomials of P λ. Treating the
parameter s as an additional indeterminate we arrive at
V (P λ) =
{
(s, t) ∈ R1+m
∣∣FPλ,i,s(t) = 0 for all i ∈ [m+ 1] and s ∈ (0, 1]} .
Lemma 4.27. Choose olor onseutive orderings of the verties of P λ and
Qµ. Then there is a lifting funtion ω of P λ ×stc Q
µ = (P × Q)ω, suh
that the points in the variety Vs((P ×Q)
ω) are exatly the points (t, t′) =
(t1, . . . , tm+n) ∈ Rm+n with t ∈ Vs(P λ) or t′ ∈ Vs(Qµ), that is,
Vs((P ×Q)
ω) = (Vs(P
λ)×Rn) ∪ (Rm × Vs(Q
µ)) .
Remark 4.28. The variety Vs(P
λ) may be innite, in general.
Proof of Lemma 4.27. For a point t ∈ Vs(P
λ) we have (t, t′) ∈ Vs((P ×Q)
ω)
for all t′ ∈ Rn by Equation (4.7). Similarly we have (t, t′) ∈ Vs((P ×Q)ω)
for (s, t′) ∈ Vs(Q
µ) and all t ∈ Rm.
For the reverse, let us assume there is a point (t, t′) ∈ Vs((P ×Q)
ω) but
t 6∈ Vs(P
λ) and t′ 6∈ Vs(Q
µ). Choose i0 ∈ [m + 1] and j0 ∈ [n + 1] minimal
suh that FPλ,i0,s(t) 6= 0 and FQµ,j0,s(t
′) 6= 0. Further let us assume i0 ≥ j0.
We prove by indution on i that i0 > m, or alternatively that FPλ,i,s(t) = 0
for all i ∈ [m+ 1], ontraditing our assumption t 6∈ Vs(P
λ).
We have FPλ,i,s(t) = 0 for all i < j0. Note that this is also true for j0 = 0.
Now let FPλ,i′,s(t) = 0 for all i
′ < i. Equation (4.7) yields for k = i+ j0
F(P×Q)ω ,i+j0,s(t, t
′) =
∑
i′+j′=i+j0
FPλ,i′,s(t) FQµ,j′,s(t
′) sǫ(i
′,j′)
=
∑
i′+j′=i+j0,i′<i
FPλ,i′,s(t) FQµ,j′,s(t
′) sǫ(i
′,j′)
+ FPλ,i,s(t) FQµ,j0,s(t
′) sǫ(i,j0)
+
∑
i′+j′=i+j0,i′>i
FPλ,i′,s(t) FQµ,j′,s(t
′) sǫ(i
′,j′)
= 0 ,
sine we assumed (t, t′) ∈ Vs((P ×Q)
ω).
We have FPλ,i′,s(t) = 0 for i
′ < i by indution and i′ > i implies j < j0
hene FQµ,j,s(t
′) = 0 for i′ > i. We are left with FPλ,i,s(t)FQµ,j0,s(t
′) sǫ(i,j0) = 0
whih in turn yields FPλ,i,s(t) = 0 sine s
ǫ(i,j0) > 0 and FQµ,j0,s(t
′) 6= 0; see
Figure 4.12.
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Figure 4.12. The indutive step in the proof of Lemma 4.27. Here ∗ denotes the non-zero
value of FQµ,j0,s(t
′).
Now we are ready to state and prove our main result.
Theorem 4.29 (Algebrai Produt Theorem). Let P ⊂ Rm≥0 and Q ⊂ R
n
≥0
be non-negative full-dimensional lattie polytopes with rdf-triangulations P λ
and Qµ whih are g-nie for some value s0 ∈ (0, 1]. Further hoose any olor
onseutive vertex orderings for P λ and Qµ. Then there is a lifting funtion
ω : (P × Q) ∩ Zm+n → R suh that (P × Q)ω = P λ ×stc Qµ is g-nie for s0.
Moreover, the number of real solutions of any Wronski polynomial system
assoiated with (P ×Q)ω is bounded from below by
σ ((P ×Q)ω) = σm,n σ(P
λ) σ(Qµ) .
Proof. The orientability of Y +P×Q is a onsequene of Corollary 4.25. Now
Lemma 4.27 provides a lifting funtion ω : (P ×Q)∩Zm+n → R of P λ×stcQµ
suh that the s-degeneration s.Y(P×Q)ω does not meet the enter of the Wron-
ski projetion for s ∈ (0, s0] and (t, t
′) ∈ Rm+n: Sine Vs(P λ) = Vs(Qµ) = ∅
for all s ∈ (0, s0] we have Vs((P ×Q)
ω) = (Vs(P
λ)×Rn)∪ (Rm×Vs(Qµ)) = ∅
for all s ∈ (0, s0]. The laim hene follows from Theorem 4.20 and our
Combinatorial Produt Theorem 4.17.
Remark 4.30. The deomposition σ(P λ ×stc Q
µ) = σm,n σ(P
λ) σ(Qµ) from
Theorems 4.17 and 4.29 reets the geometri situation in the following sense:
Let M = |P ∩ Zm| and N = |Q ∩ Zn| denote the number of lattie points
of P and Q, respetively. The Wronski projetion πE : CPM−1 \ E → CPm
(and its enter E) depends solely on the lifting funtion λ : Rm → R whih
indues the rdf-triangulation P λ on P . Hene we will denote the Wronski
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projetion πE assoiated with P
λ
by πPλ , and its lifting to S
M−1
by π+
Pλ
.
To give a lower bound on the number of real roots of the Wronski system
assoiated with (P × Q)ω = P λ ×stc Q
µ
we have to bound the topologial
degree of the map π+(P×Q)ω restrited to Y
+
P×Q. A deomposition of π
+
(P×Q)ω
by the maps π+
Pλ
, π+Qµ, π
+
∆m×stc∆n
, and the overs of the Segre embeddings
is given by the following diagram whih ommutes provided that the lifting
funtions math as in Equation (4.3). Here the vertial arrows indiate the
overs of the Segre embeddings of the appropriate dimensions.
S
M−1 × SN−1
ι+

Y +P × Y
+
Q
? _oo
π+
Pλ
×π+
Qµ
//
ι+

Y +∆m × Y
+
∆n
ι+

S
m × Sn
ι+

S
MN−1 Y +P×Q?
_oo
π+
(P×Q)ω
//
S
m+n Y +∆m×∆n
π+stcm,n
oo 

//
S
mn+m+n
This deomposition of π+(P×Q)ω yields the deomposition of σ(P
λ ×stc Q
µ)
given in the Theorems 4.17 and 4.29.
4.4 Cubes
We dene the signature of a lattie polytope P , denoted as σ(P ), as the
maximum of the signatures of all rdf-triangulations of P . The signature is
undened if P does not admit any suh triangulation as in Example 4.13.
However, here we are onerned with ubes, whih do have rdf-triangulations:
This is an immediate onsequene of the Produt Theorem 4.17 sine Cd =
[0, 1]d = I × · · · × I an be triangulated as the d-fold simpliial produt
I ×stc . . .×stc I with zero signature.
Sine Cd does not ontain any non-vertex lattie points, eah lattie tri-
angulation of Cd is dense. Note that Cd does have non-regular triangulations
for d ≥ 4; see De Loera [16℄.
4.4.1 Triangulations with Large Signature
Sine the simpliial produt of unimodular triangulations is again unimodu-
lar it follows that eah d-fold simpliial produt I ×stc . . .×stc I has d! faets,
whih is the maximum that an be obtained for the d-ube without intro-
duing new verties. On the other hand the minimal number of faets in a
triangulation of Cd is known only for d ≤ 7; see Anderson and Hughes [32℄.
The best urrently known upper and lower bounds are due to Smith [61℄,
Orden & Santos [51℄, and Bliss & Su [10℄. For a reent survey on ubes, their
triangulations, and related issues see Zong [67℄. Rambau's program TOPCOM
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allows to enumerate all regular triangulations of Cd for d ≤ 4 [55℄. This then
yields the following result.
Proposition 4.31. We have the signatures σ(C1) = 1, σ(C2) = 0, σ(C3) = 4,
and σ(C4) = 2.
The ases of C1 = I and C2 are trivial. The unique (regular and) foldable
triangulation of C3 with the maximal signature 4 is the unique minimal
triangulation; it has one (blak) faet of normalized volume 2 and four (white)
faets of normalized volume 1.
There is one further ingredient whih relies on an expliit onstrution,
a triangulation of C6 with a non-trivial signature. We give more details on
our experiments in Setion 4.4.3 below.
Proposition 4.32. We have σ(C6) ≥ 4.
Theorem 4.33. The signature of Cd for d ≥ 3 is bounded from below by
σ(Cd) ≥

2
d+1
2
(
d−1
2
)
! if d ≡ 1mod 2(
d
2
)
! if d ≡ 0mod 4
2
3
(
d
2
)
! if d ≡ 2mod 4 .
Proof. Let us start with the ase d odd. Here for C3 we hoose the rdf-
triangulation with signature 4 from Proposition 4.31. For d ≥ 5 we fator-
ize Cd as C2×Cd−2 and hoose a olor onseutive vertex ordering for Cd−2.
There is only one triangulation to hoose for C2, but we take the symmetri
ordering of the verties; see Example 4.6. The signature of stc2,d−2 equals
(d− 1)/2 by Proposition 4.15 and the seond ase of Proposition 4.18 indu-
tively gives
σ(Cd) ≥ 2 σd−2,2 σ(Cd−2) ≥ 2
d− 1
2
2
d−3
2
(
d− 3
2
)
! = 2
d+1
2
(
d− 1
2
)
! .
If d ≡ 0mod 4 then we indutively prove that σ(Cd) ≥
(
d
2
)
!. The indu-
tion starts with d = 4 by Proposition 4.31. For d ≥ 8 we deompose Cd as
C4 × Cd−4. The signature of stc4,d−4 equals d(d − 2)/8 by Proposition 4.15.
Choosing olor onseutive orderings for C4 and Cd−4 Theorem 4.17 now
yields
σ(Cd) ≥ σ4,d−4 σ(C4) σ(Cd−4) ≥
d(d− 2)
8
2
(
d− 4
2
)
! =
(
d
2
)
! .
In the remaining ase where d ≡ 2mod 4 we onstrut Cd as a simpliial
produt of C6 and Cd−6. By the expliit onstrution in Proposition 4.32
106 Produts of Foldable Triangulations
the signature of C6 is at least 4. The signature of Cd−6 is bounded from
below by (d− 6)/2! as just proved. Proposition 4.15 yields σ6,d−6 =
(d
2
3
)
, and
Theorem 4.17 ompletes the proof:
σ(Cd) ≥ σ6,d−6σ(C6)σ(Cd−6) ≥
d
2
(
d
2
− 1
) (
d
2
− 2
)
3!
4
(
d
2
− 3
)
! =
2
3
(
d
2
)
! .
4.4.2 Nie Triangulations
Our main result, the Algebrai Produt Theorem 4.29, asserts that the simpli-
ial produt of two g-nie triangulations P λ and Qµ is again g-nie, provided
that the vertex ordering of P λ and Qµ are olor onseutive. So what about
the triangulations of the d-ube with signature in Ω(⌈d/2⌉!) onstruted in
Setion 4.4.1 above? Sine the onstrution for d odd was based on the
symmetri vertex ordering for the square, whih is not olor onseutive,
Theorem 4.29 does not apply. The goal of this setion is thus to onstrut
g-nie ube rdf-triangulations from a deomposition into dierent fators.
The geometri signature σ+(P ) of a lattie polytope P is dened as the
maximum of the signatures of all rdf-triangulations of P whih are g-nie for
some parameter s ∈ (0, 1]. Clearly, σ+(P ) ≤ σ(P ). Note that Y +Cd is always
oriented by Corollary 4.25 sine Cd = I × I × · · · × I, and I is Cox-oriented.
Let us examine two ases of low dimension expliitly: There is a lifting
funtion C3 ∩ Z3 → N suh that the indued triangulation is the unique
minimal triangulation of the 3-ube from Proposition 4.31, and the tori de-
generation meets the enter only for s = 1; see [62℄. This implies σ+(C3) = 4.
In the subsequent Setion 4.4.3 a triangulation Cλ4 of the 4-ube with signa-
ture equal to 2 is onstruted expliitly via a lifting funtion λ : C4∩Z4 → N.
The variety V (Cλ4 ) (see Setion 4.3.2), desribing the values of s for whih
the enter of the projetion is met, onsists of two isolated points for some
s1 > 1 and some s2 < 0, hene C
λ
4 is g-nie for any s0 ∈ (0, 1]. A omplete
enumeration of all regular triangulation of C4 shows that σ
+(C4) = 2.
We want to avoid splitting o fators whih are squares, sine neither
of its two vertex orderings an be used for our purposes: The olor onse-
utive vertex ordering has signature zero, and produts with respet to the
symmetri vertex ordering are not known to be g-nie. Hene we fatorize
Cd =
{
C1 × Cd−1 if d ≡ 1mod4
C3 × Cd−3 if d ≡ 3mod4 ,
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whih means that we redued the ases d ≡ 1mod 4 and d ≡ 3mod 4 to the
ase d ≡ 0mod 4. Proposition 4.15 and Theorem 4.17 yield for d ≡ 1mod 4
σ+(Cd) ≥ σ1,d−1 σ
+(C1) σ
+(Cd−1) = σ
+(Cd−1) ≥
(
d− 1
2
)
! .
For d ≡ 3mod 4 we have
σ+(Cd) ≥ σ3,d−3 σ
+(C3) σ
+(Cd−3) ≥
d− 1
2
4
(
d− 3
2
)
! = 4
(
d− 1
2
)
! ,
and we obtain an overall lower bound in Ω(⌊d/2⌋!) for the geometri signature
of the d-ube. Observe that this lower bound for the signature in the ase of d
odd is signiantly weaker than the bound given in Theorem 4.33, whih does
not take the geometri properties of the Wronski projetion into aount.
Corollary 4.34. For d 6≡ 2mod 4 there are rdf-triangulations of the d-ube
with signature at least ⌊d/2⌋! whih are g-nie for any s0 ∈ (0, 1).
Proving that the triangulation of the 6-ube with signature 4 from Propo-
sition 4.32 (together with its generating lifting funtion) is g-nie for some
s0 ∈ (0, 1] would also settle the d ≡ 2mod 4 ase. However, with the teh-
niques of Setion 4.4.3 one needs to solve a system of seven polynomials in the
seven unknowns s, x1, . . . , x6 of maximal total degree 386; see Problem 4.37.
This is beyond the sope of this investigation.
4.4.3 Construtions and Computer Experiments
We ompletely enumerated all regular triangulations of the d-ube C4 up to
symmetry using TOPCOM [55℄. These 235,277 triangulations were then heked
whether they are foldable by polymake [21, 22, 23℄; it turns out that their
total number is 454. For all the foldable ones we omputed the signature,
and we found 36 triangulations with signature 2, all other foldable triangula-
tions of C4 have a vanishing signature. The regularity of Example 4.35 was
independently veried by the expliit onstrution of a lifting funtion.
Example 4.35. We now give an expliit desription of an rdf-triangula-
tion Cλ4 of the 4-ube with signature two. To this end we enode the ver-
ties of C4, that is, the 0/1-vetors of length 4 as the hexadeimal digits
0, 1, . . . , 9, a, b, c, d, e, f . The lifting funtion λ and the vertex 5-oloring is
given in Table 4.1. The faets of Cλ4 are listed in Table 4.2, and the f -vetor
reads (16, 64, 107, 81, 23).
As mentioned before, the double over Y +Cd of the assoiated real tori
variety of the d-ube is indeed oriented for all dimensions d. To prove that Cλ4
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Table 4.1. The vertex 5-oloring c and a lifting funtion λ for Cλ4 desribed in Exam-
ple 4.35. The verties of the rst faet 01248 are hosen as the olors.
v 0 1 2 3 4 5 6 7 8 9 a b c d e f
λ(v) 0 0 0 4 0 2 8 8 10 11 19 19 10 19 24 31
c(v) 0 1 2 4 4 0 0 1 8 2 1 0 2 4 4 8
Table 4.2. Faets of the triangulation Cλ4 .
01248 12358 12458 13589 2378b 23578 24578 24678
2678e 278be 28abe 35789 3789b 4578c 4678c 5789d
578cd 678ce 789bd 78bcd 78bce 7bcef 7bcdf
is g-nie for any s0 ∈ (0, 1] we examine the variety V (C
λ
4 ), desribing the
values of s for whih the enter of the projetion is met; see Setion 4.3.2.
The variety V (Cλ4 ) is the solution set of the ideal I(C
λ
4 ) generated by the ve
oeient polynomials
FCλ4 ,0,s = 1 + s
2x1x3 + s
8x2x3 + s
19x1x2x4 ,
FCλ4 ,1,s = x1 + s
8x1x2x3 + s
19x2x4 ,
FCλ4 ,2,s = x2 + s
10x3x4 + s
11x1x4 ,
FCλ4 ,3,s = x3 + s
4x1x2 + s
19x1x3x4 + s
24x2x3x4 , and
FCλ4 ,4,s = x4 + s
31x1x2x3x4 .
For the lexiographial ordering x4 > x3 > x2 > x1 > s a Gröbner basis
of I(Cλ4 ) reads (omputed by MAGMA [13℄)
{ x4 + g4(s), x3 + g3(s), x2 + g2(s), x1 + g1(s), g(s) } ,
for ertain polynomials g, g1, . . . , g4 ∈ Q[s]. The polynomial g(s) is displayed
in Figure 4.13, and the others are by far too large to be listed. The es-
sential feature of this Gröbner basis is that knowing the (real) roots of the
polynomial g(s) of degree 444 allows to ompute the values for x1, . . . , x4
diretly.
It turns out that g(s) has exatly two real roots s1 and s2 with s1 > 1 and
−1 < s2 < 0. Given g(s) this an be veried with any standard omputer
algebra program by omputing all 444 distint (omplex) solutions. Addi-
tionally, this was ounter-heked via Collins' method of ylindrial algebrai
deomposition [15℄, as implemented in QEPCAD [30℄. Approximate values for
the two real zeroes of g(s) are given in Table 4.3. It follows that Cλ4 is g-nie
for any s0 ∈ (0, 1].
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s444−2s418−4s417−4s415−2s412−6s401+s400−s399−5s398+5s397+3s396−6s394+
3s393+3s392−4s391+5s390+10s389+10s388+12s386+8s385+5s383+13s380+4s379−
15s375+31s374−8s373+14s372+29s371−32s370+19s369+29s368−28s367+4s366+
45s365−18s364−8s363+42s362−12s361−20s360−6s359−13s358−26s357−12s356+
24s355 − 17s354 − 87s353 + 21s352 + 5s351 − 59s350 + 131s349 + 36s348 − 125s347 +
142s346 − 36s345 − 86s344 + 46s343 − 113s342 − 4s341 + 20s340 − 131s339 + 43s338 +
43s337 − 142s336 − 55s335 − 7s334 − 60s333 + 124s332 + 56s331 − 54s330 + 23s329 +
13s328−202s327+84s326+185s325−292s324+32s323+191s322−189s321−20s320−
77s319−147s318+104s317−188s316−93s315+467s314−50s313−269s312+236s311+
29s310−433s309+349s308+203s307−449s306+74s305+178s304+69s303−165s302−
260s301 + 625s300 − 455s299 − 430s298 +1018s297 − 661s296 − 493s295 + 1170s294 −
790s293 − 411s292 + 1222s291 − 432s290 − 201s289 + 605s288 − 624s287 + 243s286 +
938s285−352s284−553s283+1328s282−560s281−1343s280+1506s279−1263s278−
826s277+1988s276−1423s275+828s274+2093s273−1779s272+1129s271+686s270−
2280s269+1292s268+938s267−1279s266−48s265+1606s264−595s263−1445s262+
1409s261− 876s260− 1256s259+1340s258+325s257+1433s256+29s255+571s254+
1933s253−3175s252+181s251+1768s250−3124s249+1204s248+432s247−1215s246+
2103s245−683s244−521s243+786s242−1184s241−355s240+1889s239+1888s238−
2616s237+3311s236+2553s235−6876s234+3628s233+886s232−6562s231+4543s230−
1364s229−2218s228+5371s227−2353s226+292s225+2304s224−2830s223+540s222+
1685s221+641s220−2651s219+3260s218+2777s217−6771s216+3916s215+837s214−
6602s213+4239s212−2085s211−611s210+4945s209−3172s208+3461s207+978s206−
4176s205+3841s204−909s203−2110s202+416s201+789s200+1019s199−2635s198+
1849s197+595s196−3099s195+859s194−1946s193+2463s192+870s191−2980s190+
6933s189−1758s188−4228s187+6606s186−2718s185−4392s184+2695s183−875s182−
1806s181+455s180+1139s179−1102s178−156s177+846s176−2773s175+2989s174+
43s173−3244s172+5688s171−1833s170−3051s169+5638s168−2460s167−3614s166+
2791s165−1135s164−2479s163+796s162+1119s161−1792s160−403s159+1850s158−
1662s157+756s156+588s155−1355s154+2376s153−1103s152−1312s151+3206s150−
1518s149−2313s148+1869s147−343s146−1914s145+575s144+1203s143−1568s142−
506s141 + 1542s140 − 753s139 − 540s138 + 759s137 − 254s136 + 119s135 + 24s134 −
68s133+692s132−463s131−306s130+156s129−209s128−127s127+94s126+215s125−
444s124+15s123+274s122−211s121−339s120+240s119−159s118−132s117+133s116+
127s115+49s114−173s113+197s112−114s111−180s110+203s109+78s108−109s107−
53s106+191s105−80s104−20s103−160s102+s101−191s100−75s99+15s98+61s97−
57s96+43s94+2s93−34s92+43s91+10s90−27s89−2s88+44s87−38s86+70s85−
105s84−16s83−83s82−31s81−25s80+44s79−89s78+28s77−15s76+16s75−23s74+
24s73−11s72−9s71+14s70−s69+2s68+20s67−29s66−8s65−16s64−20s63+6s62+
18s61−42s60+10s59−s57−18s56+16s55−19s54−3s53+3s52+5s51+3s49−5s48+
s47− 2s46− 3s45+2s44+6s43− 9s42+2s41− 6s38+4s37− 15s36+2s33− 6s18− 1
Figure 4.13. The polynomial g(s) of the Gröbner basis of I(Cλ4 ).
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Table 4.3. Approximate oordinates for the two points in the variety V (Cλ4 ).
s -0.9955941875452 1.0003839818262
x1 1.3469081499925 -1.1340421741317
x2 0.7663015145691 -1.8447577233888
x3 1.1109881050869 -0.4723488390037
x4 3.4823714929884 -1.1436761629897
While, with urrent omputers, it seems to be out of reah to ompletely
enumerate all triangulations of most polytopes in dimension 5 and beyond,
TOPCOM an still be used to enumerate large numbers of triangulations. We
let TOPCOM ompute altogether 59,083 dierent triangulations whih originate
from randomly hosen plaing triangulations by suessive ipping. Not a
single triangulation among these was foldable. Next we took the triangulation
of C5 with signature 16 that omes from Theorem 4.33 and we inspeted
102,184 triangulations by random ipping. This way we found only two
more foldable triangulations, one with signature 14 and a seond one with
signature 16.
For C6 the situation is more ompliated. None of our results so far
diretly yields any foldable triangulation with a positive signature: All the
simpliial produt triangulations of C6 arising from deomposing C6 as a
produt of two (or more) ubes of smaller dimensions do not yield a non-
trivial lower bound sine at least one fator vanishes in the orresponding
expressions in Proposition 4.18 and Theorem 4.17. And, as an be expeted
from the 5-dimensional ase, TOPCOM did not nd a foldable triangulation
with a positive signature either. Therefore we took a detour in that we
used TOPCOM to study triangulations of the produt of the 4-simplex and
the square. This time we were luky to nd a foldable triangulation with
signature 2, whih also turned out to be regular.
Proposition 4.36. We have σ(∆4 × C2) ≥ 2
In the sequel we denote this rdf-triangulation of ∆4×C2 with signature 2
by S, and let Cλ4 be the rdf-triangulation of C4 with signature 2 from Propo-
sition 4.31. Then the produt C6 = C4×C2 inherits a polytopal subdivision
into faets of type ∆4×C2 from C
λ
4 . Eah of these faets an now be triangu-
lated using S in suh a way that one obtains an rdf-triangulation of C6 with
signature 4. Its f -vetor equals (64, 656, 2640, 5298, 5676, 3115, 690). This
establishes Proposition 4.32.
Problem 4.37. In order to deide whether the triangulation of C6 from
Proposition 4.32 (together with its generating lifting funtion) is g-nie for
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some s0 ∈ (0, 1], it sues to prove that the real variety generated by
FC6,0,s = 1 + s
2x5x6 + s
8x1x6 + s
55x1x3 + s
57x1x3x5x6 + s
124x2x3
+ s151x2x3x5x6 + s
157x1x2x3x6 + s
197x1x2x4 + s
218x2x4x6
+ s224x1x2x4x5x6,
FC6,1,s = x6 + s
4x1x5 + s
41x2x5x6 + s
55x1x3x6 + s
122x1x4x5x6
+ s128x1x2x3x5 + s
149x2x3x6 + s
167x3x4x5x6 + s
189x2x4x5
+ s222x1x2x4x6,
FC6,2,s = x5 + s
8x1x5x6 + s
55x1x3x5 + s
124x2x3x5 + s
157x1x2x3x5x6
+ s197x1x2x4x5 + s
218x2x4x5x6,
FC6,3,s = x1 + s
8x2x5 + s
35x3x6 + s
55x4x5x6 + s
89x1x4x5 + s
92x1x2x6
+ s124x1x2x3 + s
134x3x4x5 + s
185x2x4 + s
218x1x3x4x6
+ s311x2x3x4x6 + s
380x1x2x3x4x5x6,
FC6,4,s = x2 + s
10x3x5 + s
39x4x6 + s
67x1x2x5 + s
81x1x4 + s
126x3x4
+ s193x1x3x4x5 + s
286x2x3x4x5 + s
364x1x2x3x4x6,
FC6,5,s = x3 + s
12x4x5 + s
37x2x6 + s
57x1x2 + s
118x1x4x6 + s
163x3x4x6
+ s183x1x3x4 + s
276x2x3x4 + s
337x1x2x3x4x5, and
FC6,6,s = x4 + s
49x3x5x6 + s
106x1x2x5x6 + s
325x1x2x3x4
+ s325x2x3x4x5x6 + s
232x1x3x4x5x6
is empty for all s ∈ (0, s0]. We leave this as an open problem.
Conluding Remarks
In Theorem 3.12 we stated a ombinatorial analog of the Piergallini [54℄ re-
sult, in the sense that the partial unfolding Ŝ of the simpliial 4-sphere S
onstruted is PL-homeomorphi to a given losed oriented PL 4-manifold,
and the anonial projetion Ŝ → S is a simple 4-fold branhed over of S4
branhed over a PL surfae with a nite number of usp and node singulari-
ties.
The Piergallini [54℄ result an be improved suh that the branhing set
is loally at, if one allows for a fth sheet [33℄. In general the number of
sheets of the branhed over K̂ → K of a ombinatorial d-manifold K is at
most d + 1, sine the sheets orrespond to the verties of an arbitrary but
xed faet σ0 ∈ K. Thus it is possible to obtain a 5-fold branhed over
via the partial unfolding of a triangulation of S
4
. The results of Iori & Pier-
gallini [33℄ suggest that branhed overs obtained via the partial unfolding
indeed produe all losed oriented PL 4-manifolds as 5-fold branhed overs
of S
4
branhed over a loally at PL surfae.
In the ase of 3-manifolds it remains unlear whether stellar subdivision
of faes sues to onstrut a triangulation S of S3 with Ŝ ∼= M for any given
losed oriented 3-manifold M . An armative answer to the following prob-
lem would allow us to onstrut S by stellar subdivision of faes only, sine
the moves C± and M± from Lemma 3.14 may be realized as the symmetri
dierene with the boundary of an embedded 2-ball; see Proposition 2.14.
Problem. Starting with the boundary of the 4-simplex, is it possible to
onstrut a triangulation of S
3
with the trefoil knot as odd subomplex and
group of projetivities isomorphi to Σ3 via stellar subdivision of faes only?
Proposition 1.15 may be exploited further to understand what kind of
singularities may appear in the odd subomplex if we require the unfolding
to be a ombinatorial manifold. Conversely it might be useful in nding a
ombinatorial proof of the Edwards result [41, 14℄, stating that suspending
a homology 3-sphere twie yields a 5-sphere.
113
114 Conluding Remarks
The simpliial produt of g-nie rdf-triangulations (with olor onseutive
vertex orderings) of lattie polytopes P and Q provides means to onstrut
sparse polynomial systems with non-trivial lower bounds for the number of
real roots following Soprunova & Sottile [62℄. Further we gained inside in
the produt struture of the topologial degrees of the maps involved in the
Soprunova & Sottile bound for the simpliial produt, see Remark 4.30.
We gave expliit g-nie rdf-triangulations of the d-ube Cd with signature
at least ⌊d/2⌋! for the ase d 6≡ 2mod 4. The assoiated Wronski systems
of d polynomials in d unknowns have at least ⌊d/2⌋! real roots ompared
to d! omplex roots. The ase of 3 ≤ d ≡ 2mod 4 remains open sine
we are unable to verify g-nieness for our expliit rdf-triangulation of C6
with positive signature. Construting any g-nie rdf-triangulation of C6 with
positive signature would yield g-nie rdf-triangulation of Cd with signature
in O(⌊d/2⌋!) for all dimensions d ≥ 3.
Finally there is the quest for lower bounds for the number of positive real
roots of a sparse polynomial system. Here it might be possible to ombine
results by Itenberg & Roy [34℄ with the work of Soprunova & Sottile [62℄ to
onstrut sparse polynomial systems with non-trivial lower bounds for the
number of positive real roots.
Zusammenfassung
Ein simplizialer Komplex der Dimension d ist faltbar, wenn es eine niht
degenerierte simpliziale Abbildung in den d-Simplex gibt. Wir verwenden
faltbare Triangulierungen zur Konstruktion simplizialer Komplexe mit einem
vorgegebenen ungeraden Teilkomplex. Letzterer ist der durh alle Kodimen-
sion 2-Seiten mit niht bipartitem Link gegebene Teilkomplex. Der ungera-
de Teilkomplex kontrolliert das Verhalten der von Izmestiev & Joswig [36℄
eingeführten Entfaltungen. Die Entfaltungen denieren simpliziale Abbildun-
gen, die im topologishen Sinne verzweigte Überlagerungen mit dem ungera-
den Teilkomplex als Verzweigungsmenge sind. Somit gilt unser Interesse der
Topologie des ungeraden Teilkomplexes, aber gewisse gruppentheoretishe
Überlegungen sind darüber hinaus von Bedeutung.
Im Fall simplizialerKomplexe mit gewissen zusätzlihen Zusammenhangs-
bedingungen sind die Eigenshaften faltbar und leerer ungerader Teilkom-
plex äquivalent. Wir verwenden diese Äquivalenz in der Konstruktion ei-
nes simplizialen Komplexes K mit vorgeshriebenem ungeraden Teilkomplex,
indem K aus faltbaren Triangulierungen als Bausteinen zusammen gesetzt
wird. Dies ermögliht die Konstruktion aller geshlossenen, orientierbaren PL
4-Mannigfaltigkeitenmit Hilfe der (partiellen) Entfaltung. In diesem Sinne ist
unser Resultat eine kombinatorishe Version der Arbeit von Piergallini [54℄.
An anderer Stelle konstruieren wir faltbare Triangulierungen von Produk-
ten ganzzahliger Polytope. Insbesondere werden reguläre und dihte Triangu-
lierungen konstruiert. Eine Triangulierung eines ganzzahligen d-Polytops P
ist regulär, wenn sie sih als untere konvexe Hülle in den Rd+1 heben läÿt,
und diht, wenn die Ekenmenge der Triangulierung mit den ganzzahligen
Punkten in P übereinstimmt. Reguläre, dihte und faltbare Triangulierun-
gen benennen wir der Kürze halber als rdf-Triangulierungen.
Eine TriangulierungK eines ganzzahligen Polytops P ist genau dann falt-
bar, wenn der duale Graph von K bipartit ist; siehe [37℄. Soprunova & Sot-
tile [62℄ konstruieren Polynomsysteme ausgehend von rdf-Triangulierungen
von P , und geben eine niht triviale untere Shranke für die Anzahl der re-
ellen Nullstellen. Das Polytop P ist das gemeinsame Newton Polytop der
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Polynome des Systems. Die Anzahl der reellen Nullstellen ist gröÿer als die
gewihtete Gröÿendierenz der zwei Klassen der Bipartition des dualen Gra-
phen der rdf-Triangulierung. Die Gröÿendierenz ist die Signatur der Trian-
gulierung.
Gegeben seien rdf-Triangulierungen zweier ganzzahliger Polytope P undQ.
Wir konstruieren das simpliziale Produkt, eine rdf-Triangulierung des Poly-
tops P ×Q, und berehnen dessen Signatur.
Das simpliziale Produkt wird angewandt, um für d 6≡ 2mod 4 Trian-
gulierungen des d-Würfels mit Signatur mindestens ⌊d/2⌋! zu erhalten. Die
korrespondierenden Polynomsysteme sind Systeme in d Unbekannten, welhe
mindestens ⌊d/2⌋! reellen Nullstellen im Gegensatz zu d! komplexen Nullstel-
len haben.
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luding
touring Taiwan.
19971999 engagement with Kibbutz Contemporary Dane Company, Is-
rael. Performanes in Israel, USA, Frane, Germany, and Mexio.
1997 Bahelor of Performing Arts, University of Leeds.
19931997 dane training at Northern Shool of Contemporary Dane,
Leeds, England.
Sholarships and Distintions
2006 ve month researh sholarship at the Mathematial Sienes Researh
Institute, Berkeley, California.
2005 Seond prize of the Heinz-Billing-Preis of the Max-Plank-Gesellshaf
for polymake.
2005 aepted for a dotoral stipend by the Studienstiftung des Deutshen
Volkes.
20002003 stipend of the Studienstiftung des Deutshen Volkes.
1991 award for the seond best Abitur in the federal state of Bremen by the
Karl-Nix-Stiftung.

